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1. In troduc tion

Practical eng in eering calculations of flow fields in

w hich boundary layer separati on occurs have historically

been very d ifficult with realisti c methods appearing only

recentl y [1 -7]. The main diffic ulty in making such calcu-

lat ions l ies in the fact that , even for high Reynolds

numbers, the classical boundary layer theory is not appli-

cable. Although the effects of fluid viscosity and rotation

may indeed be confined to a (limited) region of the flow ,

typi ca l l y such “boundar y layers ” are thick ari d induce s i g —

n ificant deflection of the flow streamlines in the vicinity

of the boundary surfaces. This , of course , causes th e

pressure distribution on solid boundaries to be different

from the “inv iscid” pressure di stribution and hence the

pressure must be treated as an unknown in both the main body

of th e f low and i n the “ boun dar y la yer ” reg ion. Additional

compli cations are Introduced into the problem by the possible

presence of turbulence and compressibility effects.

h ere are three possible approaches one might adopt in

attempting to predict flows exhibiting boundary layer sepa-

ra tion. These are:

1 . Solve the (time averaged) Nav ler-Sto kes equations

including, if necessary , turbulence models of

vary ing sophistication.

2. Use a form of v isc ou s-inviscid interaction theory

in which the flow is divided into (at least) two 

--~~~~~~~~~~~~~~~~~~~~~
_ - -~~~~~------ -~~~ - -  - -
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reg ions , in one of which viscous forces are neg-

lecte d. The pressure is treated as an unknown in

the “boundary layer ” equa tions and is determined

v ia an interaction between the viscous and in v is cid

regions.

3. Introduce “ engineering approximations ” In which the

de tails of the separated flow are not computed but

“ forced ” on th e f low , e.g. by specifying a fixed

dividing streamline shape and treating it as a solid

boun dary .

Each method , of course , h as it s advan tages an d draw bac ks.

Me thod 1 has been the subject of much research but solutions

obtained to date have tended to concentrate mainly on shock-

induced boundary layer separation or separation induced by

abru pt changes in geometry such as cavities or steps.

~Iethod 3 has seen much use in engineering practice but

t he necessar y ex per i men tal i nforma ti on a lwa y s res tr i c ts

application of this method to those situations which closely

dupl icate the one on which the mode l is based.

Me thod 2 adopts the middle ground In that , al thoug h

lack ing complete generality , it should have the ability to

reveal significant details of the flow. In method 2 (as well

as 3) research can be concen trated on basic “modules ” (e .g .

th e v i scous layer , the i nv i sc i d f low , the interaction mechan-

ism) independently. Previously obtained knowledge and exper-

ience in boundary layer calculations , for exam p le , can b e 

- -~~~~ —~~~ 
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brought to bear because the vi scous layer equations are

still parabolic. Within the framework of the strong inter-

action approach , many levels of sophistica tion are possible.

I t is of utmost importance that the problem be formulated

correc tly , with the mechanism of interaction clearly de-

lineated , Once this has been achieved , the analysis

methods In each region can be chosen with some freedom .

For exam ple, I t is possible to use either integral , finite

difference, or finite element formulations for the boundary

la yer equations, while using completely different methods

for th e i nv i sc i d f low reg i on.

In the research described in this report , an attempt

was made to develoo a method for c a l c u l a t i n g  f lows in which

turbulent boundary layer separat ion occurs . The flow fields

were restricted to those in which the maximum Mach number

is less than 1. Although the methods investigated have many

por tions that are appli cable to both plane 2-dime nsional

and ax isymmetric geometries , ma jor em phasis is placed on

ax isymmetr ic geometries. The strong interaction method was

ado pted as the basis for the work. Separate develo pment of

methods for ca lcu la t ing  separat ing  turbulent boundary layers

with necessary “free stream ” informat ion input given and for

calculat ing invi s cid flows with appropriate strong interaction

type boundary conditions was undertaken.

Alt hough a complete calculation was not obta ined , sig-

n ificant success in the develo pment of each component was

I,- - - 
‘ — -- - _—---- - —
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4

ac hieved. The failure of the overall method is believed to

be due to the lack of the ability to make an initial “ g uess ”

c lose enough to the final answer. (Each component was

developed and tested with “exact” experimental information

input as the necessary information from the other component.)

I t is felt that the use of an interactive computer system

(presently unavailable to the authors) would open the possibil-

ity of making complete calculations.

In the remainder of this report , the problem will be

formulated and the approaches considered in this research

will be described. First the problem formulation will be

di scussed , with major emphasis on the interactive mechanism

adopted. Then the calculations for each flow reg ion will

be descr ibed. Finally the attempts at integration of a

com plete model will be described and suggestions for future

research made. 
.

I’--  - —------- - - -- ---—- -~~~~- 
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2. Problem Formulation

Co nsider the separated flow configuration shown in Fig-

u re 2.1. For some portion , the boundary layer is attached

to the body. Because of adverse pressur e gradients , the flow

separates from the body and a reg ion of reversed flow (sepa-

ra tion bubble) develops. At some downstream location , the

separation bubble is terminated by either a reattachment to

a solid surface or a realignment of the flow via interaction

with a separated boundary layer originating on the “ lower ”

side of the body . It is here assumed that this separated

region is relatively “thin ” and that the flow is steady i.e.

vortex shedding and bluff body flows are excluded. This

type of separation often occurs near the trailing edge of

airfoils and off of boattailed after bodies employed on jet

eng i ne nacelles an d m i ss i les .  In th e l a tte r case , the reattach-

ment may in fact be onto a propulsive plume , although in the

wor k cons id ere d here i n , reatt achment onto a solid surface was

assumed. It is assumed that the Mach number of the flow is

every where less than 1 and that the Reynolds number is suf-

f i c i en tly large th a t boundary l ayers are turbu l en t. Al l

surfaces are assumed to be smoo th and impermeable.

In anal yzing this flow , the major assum ption that is

made is that the flow can be divided into two distinct regions:

( 1)  a ro ta ti onal “ vi scous ” region in which all of the effects

of s hear s t ress , tur b ulence , re verse fl ow , etc. are concen -

trated and (2) an inviscid, irrot atio n a l outer region. The

viscous reciion Is assumed to be finite in extent and within
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this region , it is assumed that the standard boundary layer

assum ptions regarding the neglect of stream-wise stress

grad ients is applicable. Thus the governing equations for

the v iscous  layer are

Continuity

(2.1)

Momen turn

u~~~~+ v i - . i~~~~+ i~~~ (2 2)3y p dx p 3y

In equation 2.2, It is assumed that the pressure is

constant  ac ross  the v iscous  layer ;  th is assumpt ion  may be

subsequentl y re placed w i th  a “ centr i fu gal  cor rec t ion ” of

the form :

a~ ou 2

or In integral methods of solution with an assured poly-

nominal P(y) distribution with a typical parameter (say

P(d) - P ( o ) )  determined from solution of the (integral) y-

momentum equation [8 - 9 ].
It is here em phasized that It is not necessar i l y  assumed

that P(x) is known a priori for use in equation 2.2; at this

point It represents one of the unknowns. If P is assumed

un iform across the viscous layer , then we ma y re p lace  it

with Pe (x). The thickness of the viscous region is denoted

by e.

— ---- — -—— - -—----—--- —.-~—---- ——— -- — --—- -.-.- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — -
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When dealing with compressible flows, the energy

equat ion must also be considered. In this work , all compres-

sible flows were assumed to be adiabatic and a solution to

the energy equation was provided by employing the Crocco

integral rela ting the temperature and velocity in the vi scous

layer.

= 1 + RF ( ~j! ) M~ (1 - ~~2) (2.3)

The recovery factor was computed from

RF= Pr 33

Outside of the viscous layer, the flow is assumed to be

irrotational and is governed by

3(
~

v
~
) 

+ 

3 (Pv r) + j 
—;;

~~~

• = 0 (2.4)

3v avr z — (2 5)
— ~z 3r —

The pressure in the outer region is govern ed by the

Euler equations

av
v —~~~~+ v - — —z ~z r ar p 3z

• v z ~z 
y
r ~r p ~r

In part icular at the boundary between the two regions:

• dP du
—~- - -~~~u - ~ (2 6)dx - ‘~e e d x  

- — --‘-- .~ . -- -~~~~~ —- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The boundary conditions which can be appli ed directly

are

u * O ~~
~ at sol id boundaries (2.7)

v 0)

v
~~

-
~~

V
~~

’1
? r ,z -~ (2 .8)

V
r~~

I
~~

O )

The interact ion between the two regions is introduced

In to the problem via the matching conditions which must be

satisfied at the boundary between the two regions. If

y = 5 ( x )  i s the th i c kness of t he v i scous la yer , then the

ma tching condition is that the velocity (vector) at y 6(x)

must be the same for the two regions. This is most easily

accomplished by equating the total veloc ity (or Mach number)

and the fl ow ang le at the edge of the viscous layer to the

corresponding va lues from the inviscid region. Thus we

wr ite

(v~ + v~ )~~
’2 = (u~ + v~ )

1”2 ue (2.9)

or

Me louter Ma i m e r  y 6 ( x )

and

e = (2.10)

Equa tions 2.9 and 2.10 provide the formal connection between

the two regions.

It should be noted here that v iscous - inviscid Inter-

action is usua lly accounted for v ia “displacement thickness 
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inte raction ” rather than a forma l ma tching of the flow

fields at the edge of the viscous layer. In displacement

t h i ckness  in terac t i on , it is assumed that the velocity (or

angle) at the edge of the viscous layer can be obtained by

calculat ing the flow over the boundary surfaces augmented

by adding the boundary layer displacement thickness. This

Is an approximation to equations 2.9 and 2.10 in that

the angle ~ is very closely the ang le of the displacement

surface. Displacement thickness interaction has been used

in most other (non-supersonic) separated flow analyses

[1-5]; however , in this study , the more forma l interaction

of equations 2.9 and 2.10 has been retained.

With the introduction of the customary equations of

state for ideal gases , equations 2.1 - 2.10 provide a closed set

suff icient to determine the flow. * i t is not possible to

solve the equations simultaneousl y, however , so an inter —

itive technique is employed , w i th the v i scous and i nv i sc i d

reg ions computed alternately. The matching conditions then

appear as boundary conditions for one region or the o ther ,

w ith the most current information from the alternate calcu-

la t ion being used.

In the sections that follow , me thods for making calcu-

lat ions in each region will be discussed . In developing

the analysis for each region , it is assumed that complete

information on the conditions at the inner -region boundary

is available i.e. either or both of Me~ ~ 
are known. First

* For compressib le flow , the ad iabat ic energy equation is

included in the inv i sc ld reg i on.

— - • -
~~~~•z--• ~~~~~• - • • --- — - --
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- the viscous layer method will be considered, then methods

investigated for the invi scid region will be considered.

_ _  -..• ~~~~~ -—~~~-- -•
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3. V iscous Reaion Calculations
•0

In develop ing a calculation method for the viscous

reg ion (“boundary layer ”) with separation , It i s assume d

that the necessary information from the invisc id region

(pressure , ve loc i t y , or Mach number and /or f low angle at

the edge of the boundary layer )  Is a v a i l a b l e .  Only one of

these variables is needed as input and in fact in a full

i nterac ti on c a l c u l a t i on , only one can be provid ed ; the other

one be ing calculated by the analysis itself. In the attached

boundar y layer (weak interaction) regio n it is the pressure

that is input , w ith the flow angle being calculated. At

this point it is necessary to assume that if either of

these variables is needed , it can be provided. The task of

the invi s cid region analysis then will be to comput e the

necessar y var iable which is not calculated in the boundary

l a yer anal y s i s.

The task then becomes to construct a solution to equa-

tions 2.1 and 2.2 , alven the conditions of equation 2.7 and

one of the conditions 2.9, 2.10. Historically, three me thods

have been develo ped to so lve  these equat ions.  These are (1)

integra l methods, (2 )  f ini te di f ference methods, and (3 )  finite

element methods. A l thou gh each of these methods has several

points in its favor , as well as severa l  d rawbacks ,  it was de-

c ided at the outset of this research to develop an Integral

method , based on the following reasons: 

-
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(1) In tegral methods were felt to be simpler to

progr am ,

(2) It was fel t that an integral method should consume

less computer t ime ,

(3) An integral method can be formulated which solves

direct ly  for the parameters necessary to formu-

late the v iscous - inv isc id  in teract ion i.e. 6 ( x ) ,

M , ~~~~, while in a finite -difference or finite

element method , parameters such as 5 (x) and hence ~
are ill -de fined ,

(4) By selecting a velocity profile which has an

inherent reverse flow capability , reg ions of

reverse flow can be calculated while still “march i ng ”

In the downstream dir ection , without the necessity

of employing a special algorithm for reverse fl ow

points,

(5) Local inaccuracies in turbulence models may be

smoo thed.

As a result of this study, it Is possible to draw some

conclus ions regarding these points ;  this w i l l  be dealt w i th

in a later sect ion.

3.1 Der ivation of Integral Equations

In em p loy ina the integral method , the boundary

layer equat ions 2.1 and 2.2 are multi plied by u y and

formally Integrat ed across th e la yer from y 0 to y = 6 

rn ~~• - .~~~~~ - •
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(ac tual ly , rather than integration of 2.2 as is, 2.1

is multiplied by u m f~y
n and added to 2.2 , then the

resul t is integrate d) . This produces a set of (usual ly

independent) equations which can be solv ed for a finite

number of parameters . Using in = n = 0 produces the

momentum integral equation, m = 1, n = 0 produces the

mechanical energy equation , whi le  m 0, n 1 produces

the moment of momentum equation. The forma l applica-

tion of this procedure leads to the following equations

following lengthy algebraic manipulations

Continuit y Equation:

1 e tan 0 
= - 

~~ ~~ (~~~)d~ 4 
~~ (~~ )d~]

+ [(M~-1) ~~
—. 

~~ 
- 

~~
- ]  !~ 

~:u e 
d~ (3.1)

Momen tum Equation:

~~~~ 2 ~~~~~ (~—)d~ + 2 !~ p U  }. (~—)d~]

+ ~~~~~ - 
~~~~~~ ~~~~~ 

d~ + [(2-M~ ) ‘~ d~ -1] 1

Cf tan G 3 226 6

• - ~~~ 
—

~~~ 
•:__ r_ _ .~_•_•__••_. __ ________ - — .________.__ _ - - — —
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Momen t of Momentum Equation:

f  ( U )~ h (~—)~ d~ + 2 ~ ~~~ b~ 
(~—)~ d~

+ [(2-M~ ) 
1 .,.i.. dR~ ~

+ f’ L. [ f ~ ( 2_. L (!L_.) + L. 1.. (.2._.) ‘d
° U e ° 

~
‘e ~ U e “e ~ ~e 

~‘

+ ([l-M ~] ~~
— 

~~~~~~~~~ + 
~~~ ~~~~~~~~ ~~~~~ d~ ]d~

= - 
tan G + k- - •

~~
- 

~ 2 
d~ (3.3)

e PeUe

Mec hanical Energy Equation:

~~ (
~~_)

3 }~ (~~
—) d

~~ 
+ f- (~—)d~ 3

+ E ((3-M } 
~
j—. 

~~ 
+ ~ ~~

) ~ d~

- ~~e ~~~~ 

~~
— di, ]  = - 

tan 0

~~ 

~~~ 

~~ 
(
~;

) d~ (3. 4)

L - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~ -~~~~—— ••~~~ - - -~~- -
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In the above equa tions , isentrop ic flow external

to the boundary layer has been assumed and the approxi-

mation of equation 2.6 has been employed.

In order to make an y calculations with these equa-

tions , it is necessary to evaluate the integrals appear-

ing in them. This in turn requires knowledge of the

var iation of the veloci ty ratio, density ratio , and the ir

x - derivatives across the boundary layer , as well as

the variation of the shear stress across the boundary

layer. The usual approach is to assume a velocity V

profile of the form

u(x
~
Y)/U (X) f(y,a 1 (x),a 2 (x )...)

where th e parame ters a 1 are funct i ons of x onl y . T he

density ratio can be rel&ted to temperature ratio and

hence to velocity ratio via eq. 2.3. The shear stress

distribution is related to velocity distribution via

Newton ’ s law of viscosity and/or a “turbulence model” .

In some (if not most) methods in actual use, the shear

stress integrals themselves are pos tu la ted  as funct i ons

of parameters of x. Using the assumed prof ile the

indicated integrations on ~ can be performed and

the partial derivatives become total derivatives with

respect to x of the a 1 (x). The a 1 (x) thus effectively

become the unknowns of the problem and as many equations

are req uired as there are a j to c a l c u l a t e .  The boundar y

cond itions 2.7, 2.9, 2.10 are usua lly satisfied auto-

— - — •---- -— •—— - •-- —--• -•--•--•---- --. - - -  ~~~~~~~~~~~~~~~~~~~ _______ ~~~~~~~~~~~~~~~~~~~~~~ - - 

-
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ma tically by the function chosen for the velocity

profile; the pr oblem then becomes an initial value prob-

lem for t he a i ’ s.

3.2 Choice of Ve loc i t y  Pro f i le

It is here noted t ha t hencefor th , consideration is

res t r ic ted to turbulent f l ows .  When chos ing the ve loc i ty

profil e, the following restrictions and guidelines must

be me t

(1) The prof ile must accurately represent the

ac tual velocity distribution ,

(2) The profile must be capable of exhib iting re-

verse flow near the wall (negative wall shear),

(3) The parameters involved in the profile should

be mean ingful and convenient.

Relevan t to the third point, it is noted that the

integral equations themselves (3.1 - 3.4) contain the

parame ters u e (X) (equ ivalent to M e (x) for isentro pic

flow external to the boundary layer), 6(x), Cf (x )~ and

G(x). Now ue(X) and 6(x) are exactly what is needed for

the interaction with the external flow. In addition ,

6(x) must be known so that the boundar y between the two

reg ions may be located. It therefore seems that ue (x )
~

6(x) and Cf(x) are lon ical choices for the parameters

of the velocity profile. Now for incompressible turbu-

len t non-separated boundary layers , i t i s we l l  kno wn tha t 

• -- •. ~~~~~~~~~~~~~~~~~~—-- ~~~~~~ .~~~~ •~~~~~ ~~~~~~~~~~~~



--~ .~ -r• -:r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

18

the wall-wake velocity profile [1 0] provides an excel-

len t approximation to the actual velocity profile.

Alber an d Coats [11 ], Ma thews et al . C l 2 ], an d A lber

et al. [13] have shown that this pr ofile can be modi-

fied to account for compressibility , and Alber et al . [13]

and Kuhn and N ielsen [2-3] have shown that the profile

can be modified to include both reverse flow and a

lam inar sublayer. Accordingly, the following form is

adopted for the velocity profile

= = ~~
- sin {aX[~- ln (l+ y4) + B - ( 1 . 5 y

4 
+ B ) e ~~

18
~
’ ]

~ au~ sin 2
(~ ~~

- ) }  (3.5)

w here

k = .41 , B = 5.0 -

a 
R F ( Xj .]-)r.1~ I A I

1 + R(1
~
_)M

e

Cf/ 2

(C f/21

The parameters in this equat ion are ue (x ) [ M e ( x ) ] ,

6 ( x ) ,  A ( x ) ,  u B (x ) .

The uni t in the ln and the linear-ex ponential term

provide a smooth decrease to zero velocity at ~ 0.

The cons tants in the linear-ex p onential term were select-

ed to provide an optimum fit with the Spald i ng — K l eindiens t

l a w  of the  w a l l , as oresente d by White [15].
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• W ith constant pressure across the boundary layer

assumed , the density ratio can be calculated by

• 
~~~ Cl+RF(~~~~)M ( l~~~

2
)F~ ( 3 . 6 )

-- If the f low Is incompress ib le , 
~~~~~~ ~

)w z
~

) e
and the ve l oc i t y  r a t i o , •, is given by the term enclosed

I n  the { }  in Eqn. 3.5 , wi th  the “a ” removed.

• Althoug h there are 4 parameters in (3.5), they are

not completely independent since the condition

• U/ ti
e 

= 1 at y = 6

mus t be satisfied. This results in

sin {aX[~ ln (l+ 6~ ) +B - (1.5 +B)e 186
~~~~~~8~~

F ( M ,X ,6,u 5) 
= 1 (3.7)

This may be called a “ skin friction law ” , at an y

ra te It is a relationship between A(x), 6(x), M
e

( x ) ,

u8
(x) wh ich must be satisfied .

3.3 Formulat ion of Differential Equations for X ,6 ,

Me~ 
u8, ~

With in the framework of the integral approach ,

com p le te i n f o r m a ti on on the v i scous  la yer i s re p resen ted

• by knowledge of the five parameters M e~ 
3~ X , 6 , u~ .

- 

Now one of these parameters (either M e or 3) i s s p ec i f i ed

by the Inviscid flow cou pling so 4 (differential) equa-

• tions are needed to solve for the remain ing 4 unknowns. 

‘A
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One equa tion that must be satisfied Is 3.7 , the other 3

necessary equations can be selected from 3.1 —3.4. The

c ho i ce i s ac tu a l l y be tween the mechanical energy equa-

tion (3.4) and the moment of momentum equation (3.3),

w ith the continuity and mom entum equation being re-

tained in all cases. For the sake of generality , bo th

equations w i ll be further developed here although the

momen t o f momen tum eq ua ti on was ul ti m a t e l y se lec ted for

reasons to be discussed later.

Su bstitution of the assumed velocity profile and

the resulting density profile 3.5 , 3.6 into 3.1 - 3.4

• allows (at least in theory ) the performing of the integrals

and the differentiation with respect to x. The form of

the resulting equations is

A 1 
e ÷A ~~~+A 3 ~~ +A ~ ~~~ = A 5 + A 5 + A 7

W h e r e  the c o e f f i c i en ts A 1~ A 5 I n v o l v e  Me~ A., 6 , u~

and requ ire evaluation of an integral on y from 0-’ô , A

involves G and A is possibly a shear stress integral.

Now the complicated form of 3.5 for q makes analytical

integrat ion of ~ and its powers and derivati ves as needed

in 3.1-3 .4 impossible (at least for compressible flow),

therefore the integration must in genera l be performed

numer ically to find A -WA . Accordingly, the equations

3.1 -3.4 are here presen ted with the integrals yet to be

_________ • - -
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evaluated. It is empha sized that al though the int egrands

are  al gebra icall y com pli cated, they are functi ons of Me~
A , 6, u~ and  ~ only an d hence the indicat ed

.1  . inte gration on ~ can be perform ed (numerically if neces-

sary ) if Me~ 
A , 6, u

8 are known. The equations are

• Cont inui ty :

~~~~~~ 
~~~~~~~~~ 

.

~~~~~~ 
+ 

~~~ 
(r+~ 

a t ’ ) + ~ 3r~~ d~

+ ( l - M ) y
~ ~~

— f~ r~d~ }

+ { f ~ [(~~ + ~~~~~~ ~f—)(r + 
~ ~f)]d~ } ~~~~

.

+ (f ~ ~~ (r+~ ~~)d~ } ~f
+ C1 }~

_ ( r +~ .
~f)d~ } 

~~~~~~~~~

= - 
tan 0 - . r~d~ (3.8)

Momen tum :

~‘~( C~~ ~~~~~~~~~ 

+ 

~~~~~~~~~ ~~~~~~ 
+ 2r~] + ~~~ 2 ~~~~~

T dM
+ 

~~~

_ . [(2-M 2 )f ~ r~
2d~ -11 

~j-~-

+ Cr~[~~ 
+ i~~ j~~][~ 2 

~~~~ + 2r~ ]d~ } ~!

(con tinued)

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - _Jii ~~~
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+ {J ~ }~ 
[~~ 2 

+ 2r~ )d~ } ~~~~
-

+ {J ’ ~~~~~~
__ 

[~~2 + 2r~ ]d~ } 
~
j-

~

- 
A l A l  

- 
t an  ~~~~ - ~~~ 

~~ 
f~r~~d~ (3.9)

Moment of Momentum:

~~~~~~~~~~~~~~~~~~~~ 

~k 
+ 

~~ 

j~~~~][~p
2 }~ 

+ 2t ’~ ] + ~~2

+ 

~~~~~

. ~~~_ ~~~~~~~~~~~~~~ -

+ f
’

~~~~~
[J

~~~~~
([

~~~~~~~ 

~~~~~~~~~ 

+ 

~ 
~~;~;

][r + + 

~

+ [ ( l- M~ ) f— ~~
— ~~~~~~~~~~~~~~ ~~e

+ ~~j
1
[~~~~ + i~.;. ~~~~~.][ ~~ 2 ~~~ + 2rc~]~ d~

+ 

~~~~~~ + ~L H—]f r + ~ }~
.]d
~ )d~ } ~~

+ 
~~~~

. (J
~~~ 

~~~ [~~ 2 ~~ + 2r$]~ d~

+ f ~~(~~f ~ ~~~
- (r + ~

+ ( j ’ ~~~~~~ ~~ + 2rD]~ d~

+ !~~(~~
f
~ ~~~~

— (r + ~ ~ dfld~ } ~~~

(con tinued)

- - _~~~ _ _ ~~~•~~~~~~~~ _~~~~~~~~~
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- 
tan 3 ~ dR [f ’r~

2
~ d~ + f ( f ~ r~ d C) d ~~]

- 
1 T 

2 d~ (3.10)
• 

- - Q e ue

Mechanical Euergy Equation

~~~~~~~ ~~~~~~_ + it. ~f.j~~3 }
~
. + 3rp~ ] +

• + [(3-M 2 )f ’r~~d~ - 2f~ pd~ ] ~~

+ {J.~~~~
[_

~~
-

~~
- + it ~~_][~~3 ~~ + 3r~ 2]d~ } ~~~~

.

+ ~~ [~~~3 }~
. + 3rc~2]d~ } ~~~~~

+ {I ’ 
~~~~~

— [i~ -~-~ + 3r p 2]d~ } ~~~~~~~
.

• = - 
t an  0 

- ~~. j l t 
~~~~~ d~ - £ 

~~ 
f ’r 3 d

6 6 0 • ,, z a ~ R d x
e

(3.11)

The various partial derivatives of the ~ and r(= 
~~~~

are tabulated in Appendix A.

Equations 3.8, 3.9 , either of 3.10 or 3.11 and 3.7,

together with a specif ication of either Me ( x )  or 0(x)

and a set of ini tia l values thus form a closed set.

Now 3.8-3. 11 are d i fferent ial equations, wh ich will

ultimately be solved numer ically, wh ile 3.7 is an algebra ic

equat ion. In perfo rming numerical computations , it has
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been found easier to solve 4 differential equations

than 3 differen tial and one algebraic equation ; there-

fore , 3.7 is diff erentiated with respect to x to yield:

~~~~~~~~~
=dx aa aM e a6~ 

3M e dx 9X ao~ 
3A dx

+ [i~~ }~~
] 

~~~~~~ 
+ = 0 (3.12)

The partial derivatives appearing in the above are tabu-

la ted in Appendix A.

We have thus completely formulated the viscous

la ye~’ problem , w ith the exception of a means of evalu-

ating the shear stress integrals appearing in the

mechan ical energy and moment of momentum equations.

Th is of course requires the introduction of some semi-

emp i r i cal  “ m o d e l ”  of the turbulent transport process;

this complicated subject will now be dealt with.

3.4 Turbulence Models

In order to close the set of equations 3.8, 3.9 ,

3.10 or 3.11 , and 3.12 , it is necessary to evaluate

either

~~~J 2 
d~

for the momen t of momentum equat ion , or

2 a~Pe
tl
e 

~~~~~~~- - _ - - - - - - - - -  - — - -~~~~~
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• for the mechanical energy equation. For turbulent flow ,

r represents the sum of the laminar visco us shear and

the Reynolds shear stresses.

~a 
-
~~~~

. - p~~~V +

Complete info rmation on the Reynolds stress Is

• not currently availab le, hence these terms (or their

integrals) are evaluated via some semi -emperical model.

In many integral methods, an attem pt is made to intro-

duce information on the integrals themselves [14 ];

however , in differential methods a local formulation

for r is needed. In the current research , since a

numerical evaluation of integrals of the velocity pro-

file function and Its derivatives (typical terms appear-

ing on the right hand sides of equations 3.8-3.11) is

to be under taken , a numer i cal  i n tegra ti on of a l o c a l

shear stress formulation was selected. An eddy viscosit y

formula tion was selected in order that a negative shear

would be predicted in regions of reverse flow.

~ (i.~ 
+ pc) }. (3.13)

I t is well known that turbu lence is a phenomenon

which exhib its at least two length scales , therefore for

turbulent flow near walls , separa te formulations for

the eddy viscosity near the wa ll and in the outer region

are often used. A po pular choice for the eddy viscosity

is the mixing length formulation
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(3.14)

The m ixing length is at least an order of magni-

tude larger in the outer region of the boundary layer

than near the wall. Most eddy viscosity m odels employ

a mixing length formulation near the wall; however , in

the outer region an alternate form may sometimes be

used, typical is the Clauser model

Lou ter = .016 Ue6; (3.15)

Bo th approaches have been applied to a wide variety

of turbulent boundary layer calculations, i n c l u d i ng

separa ting flows [2- 4); in the basic (“equilibrium ” )

form embodied in 3.14 and 3.15 there seems to be little

to choose between the two . Calculations undertaken in

the current research bear this out for attached boundary

l a yers ; however , the mixing length model was found to be

more ameab le to extension to non—equilibrium flows

and to boundary layers with backflow; therefore , the

m ixing length formulation was selected as the bas ic

turbulence model for the pres ent work. The mixing length

typically exhibits the following characteristics [15]

Near the wall: L-y

Very near the wall:

In the outer region: 9~-inde pend ent of y, Z—6

The follow ing (continous) mixing length distribu-

tion embodies all of these characteristics and was employed 

-~~~~ - • -- - ~-• - ~~ - •-
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• in this work

= 
~~~~~ tanh 

~z~ /d ~ ] (1  - exp [ 
~~~~~

_. (1 + I 
~~~ )

1/2 ])

(3.16)

The last term represents the van Driest [1 6 ] damp-

ing factor as modified for the effect of pressure gradient

as suggested by Cebeci et al. [17]. For “equilibrium ”

attached turbulent boundar y layers , the value of ~~/ d is

a cons tant equal to aporoximately 0.09.

Now w h en a b o u n dar y l a yer se p ara tes from a sol id

s u r f a c e , the damping effects of the wall on the turbu-

lence are removed; in fact , the la y er b ecomes a l m o s t

entirely “w a k e  l ik e ” , accord ingly the following model was

adopted for the mixing length in separated boundary layers .

W ith reference to Figure 3.1 , the layer is divided into

two regions at the zero velocity point y0
. Above the

zero veloc ity point

2. (ç/6)6 (3.17)

while below the zero velocit y point

2. 2.~,, y/y 0. (3.19)

Having introduced the mix ing length model the

shear stress integrals may now be formulated. Assum ing

a lami nar viscosity law of the form

i . i/ i .z 0 
• (T /T

~
)
~
”
~ 

( 3 . 2 0 )

the shear stress funct ion becomes

_ _  ~~~~~~— - - •  --
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FIGURE 3.1 REVERSE FLOW VELOCITY PROFILE
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_ _ _  = [(M R 6)
1
(~~~) (2._)~~~~~ ~~~~~~ ~~~

] 
}~~~ 

( 3 . 2 1 )
Pet

~e 0 e ~e e

Emplo ying the m ixIng length mod el , the “eddy viscosity

Reynolds number ” can be writ ten

2
.-L. = ( &) i~~•iu
~
6 6 a~

Subs tituting the mixing length equation 3.16 and

introducin g the velocity profil e parameters , we ob tain

9/4 7/4
= (~~ ) tanh [2.~ /s~

]{l - exp 
~ 26 (f.!.) (s .) 

~

dli 1/2 2
(x Ix J - 

~~ ~~
—. .1) ]} ( 3 .22 )

for the attached boundary layer and

2 . 2
(_ _ ~~~~~ i~.
‘6 ‘ “- 0

(3.23)
e 2 . 2  2

(~~ ) ~~~~~ l }iI 
~~~~~~~~~~~

The shear integrals appearing In the moment of

momentum equation (3.10) and m e c h a n i cal  energ y eq ua ti on
- • (3.11) can be evaluated as functions of the velocity

prof ile parameters Me~ 
A , 6 , u~ an d their derivatives

using 3.21 , 3.22 , 3.23, 3.5, and the derivatives relati ons

of App endix A , if t~ /6 is specified (ç16 becomes, in 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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effect , an addit i onal parame ter of the flow in the

boundary layer).

3.4.1 Non-Equilibrium Effects in the Turbulence Model

For equ ilibrium attach ed boundary layers , the

v a l u e  of ~~/6 is rather well determined as

= 0.09

essen tially independent of pressure gradien t effects.

Successfu l calculations of non - equilibrium boundary

la yers have also been made u sing this value; however ,

th e s i m p l e  use  of a cons tan t v a l u e  for thi s p ara m e ter

was found to be unsatisfactory for cal culations of the

separating boundary layers considered here. At least

two reasons for this behavior may be offered:

(1) “History ” effec ts are  p resen t , es p ec i a l l y

near separation. As separation is approached ,

the boundary layer grows rapidly, that is 6

increases rapidly. The turbulence structure

does not respond rapidly so that as 6 grows

rapidly, L~ does no t and thus 2.~ /6 dec reases ,

(2) The separat ing boundary layer Is in realit y

a process of transition between an attached

shear flow and a free shear flow . Even for

equi l ibr ium layers , w h i l e  a va l ue of L~ / d .09

is appropriate for attached flows , a v a l u e  o f 

• ~~~~~~~~~~~~~~~~~~~~~ 
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= 0.05 to 0.07 is appropriate for free

shear layers [18 ]. A calculation method

for both attached and free shear flows and

the transition between them (separating

boundary layers ) must reflect this change in

In order to successfully calculate separating

boundary layers using the current method , it Is neces-

sary for 9..~/6 to change as the flow develops toward

separation , separates , develops a free shear -l ike charac -

ter , and (possibly) reattaches and redevelops as an

a ttached boundary layer. It is of course necessary to

connect the change of ~~/ô with changes in their flow
*paramet ers . There are two possibilities for accomplish-

ing this:

(1) Use an alge braic formulation of the form

2. /6 f(M ,A ,a ,u s)

(2) Solve a d i fferential equation of the form

~~~~~ 

( ç / ô )  
~~ 

f ( M e ,•X ,6 ,u 3, 2 . / 6 ,x)

Within the differential equation approach , the choice

Is between solving an empirical differential squation of

the “ l a g ” or “de parture from equilibrium ” type

* The idea of a formulation L~/6 prescribed function

of x is rej ected as be ing possib le only if the answer

is known in the first place!

- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
- • -— =-
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d(2.~ )

dx [Z
~
)eq 

- z~~]

or of solv ing a differential equati on with a more

sol id physical basis , typically some form of the

“turbulence kinetic energy equation ” .

During the course of this invest igation , a l l

three of the above approaches were investi gated.

Eac h approach will be described in turn.

Cons idering first the algebraic formulation , the

overall approac h of Alber [1 9] was employed. The

reason ing proceeds as follows. For e quilibri um

b o u n d a r y l a yers , Clauser [20] has shown that the ap-

propriat e correlating parameter for turbulence para-

me ters i s 8(~ ~~ 
.~.E,) * thus for equilibrium boundary

layers we would assume

= f(8)

The function f must satisfy

f 0.09 8 = 0 (flat plate)
.

f • 0.05 to 0.07 as 8 -
~~ ( free s h e a r  la ye r )

The form chosen here was determined by numer i cal

ex per imentat ion and is typical  of other methods [ 2 ];
‘

~ 
-It is

9.
= 0.055 + 0.035 exp (—8/5) (3.24)

* In terms of the principal parameters employ ed in the

present study 
* 2 Te 1 dM e8 =  - 6 k x~ A J  Y~~~~~~~
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Following Alber [ 19]  it is as sumed that the

equilibrium correlation can be used if 8 is related

to the equilibrium shape parameters rather than its
*

definition as a pressure gradient parameter . Accord-

ingly, 8 is calculated from

G = 6.1 /8 + 1.81 - 1.7 (3.25)

where G (the equilibrium shape parameter) is related

to the local velocity shape parameters by

~ —u 2
e 

~ 
d~ H -l

G = (3.26)

~~ 
)d~ 

k

Equations 3.24 - 3.26 are sufficient to relate

to the local veloc ity profile parameters 
~~~~

Plotted in Figures 3.2 - 3.4 are skin friction coef-

ficients , boundary layer thicknesses , and shape factors

predicted for the incompressible two dimensional sepa-

rating boundary layer flow of Simpson et al. [ 21 ]

For reasons  th a t wi l l  b ecome c l ea r la ter , only the re-

sults up to Cf 
= 0.0005 are shown. Clearly, the predic-

tions with the constant (equilibrium) value of ~~/6 are

unsatisfactory (in fact it is not even possible to

predict separation using this model). In fact , predic -

tions with the algebraic correlation are good enou gh

* In A lber ’ s t e rm ino logy ,  3 is “ unhooked” from the
pressur e gradient. 
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that a differential equation method would have to be

s ignificantly better or at least be more general in

order to justify the added complexity (and computer

ti me) of so lv i ng an add iti onal dif feren ti al equa ti on.

The simplest differential equation which may be

employed to predict turbulence is the empirical “lag ”

equation apparently first suggested by Goldberg [22]

and employed successfully i n the turbulen t boun dar y

layer methods of Nash and Hicks [ 23] and White [1 5].

For mixing length , this equation must be written

co~st (2 .
~x,) eq 

- 
~~~~~~ )  (3.27)

where 
~oo~~eq 

= 0.09 6.

The value of the constant in the equation is on

the order of 0.1 and can be determined by numerical

experimentation. It is imp ortant to note that the

equation cannot be written in the form

9. 2.d 
~ 

— const 
~ ~~ ~~~~~dx 6 ’  6 6

because if at any point (say an initial point far

upstream of separation) t~ / 6  = 0.09, it will always

retain this value! In terms of ç/tS , equa ti on 3 .27

becomes

f. (~~~~~~~~)  + 

~ (
1 d6 ) = 

Co flst [0.09 - 

~-~] (3.28)

— — ---

~

-

~

— - - - -  -~~~~~~~~~~~~ .-~~~~~~~~~~ - - —-- 
• -  

- -I- - - - - -
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Calcula tions for the Simp-son et al. [21) flow

and for the two dimensional transonic separ ating flow

of A lber et al . [1 3] were preformed using 3.28 and

were not significantly different from those using

3.24 - 3.26.

The differential equation that has been used most

extensively to represent turbulence is the “turbulence

kinet ic energy equation ” . This equation has -been

employed in differential [ 24 ] and integral [25,26]

forms and has been used with differential [24,26] and

• integral [25] methods of boundary layer predictions.

In the current research , the basic approach of McDonald

et al . [25 ,26] was emplo yed to convert the turbulence

kinetic energy equation into a differential equation for

Z~,,/ô. The develo pment is as follows. The partial dif-

ferent ia l equation governing the turbulence kinetic

energy i s

l ( u~~~— +  v~~~—) = ~~~ (u~ -~~ ) ~~ ~y ~t 3 y  - —

- [ v ( P  + ~~~~~~~~~~~~~~ - ( 3 . 2 8 )

where • is a collection of many fluctuating terms and

may be found elsewhere [ 1 5]. The term s in the equa-

tion are usuall y given names of the follow ing form :

- • Advect ion * shear s t ress turbulence product ion +

normal stress turbulence production - pressure -
st ra in d i f fus ion - v iscous  d i ss i oa t i on  (of

turbulence )

~

-- - —

~

— -—-- •- ~~~~~~~~
-—

~~~ -—~~~~~~--- --~~ --~~~~~~ •~~~~~
- 

~~~~~~~ - • - • - -
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Equation 3.28 may be writ ten as an integral equa-

tion by adding 
~~

- q 2 x (continuity equat ion) and inte-

gra ti ng on y from 0~~ô. Assuming negligible free stream

turbulence , the result is

~~
- f~ };~

. (puq 2)dy a f~ (r ,~ ~~ - (~ z_~2)}~)dy

- f~~p~ dy - j J
~~~ 9-~

-— 

~~ dy (3.29)

Following McDonald et al. [25,26], Bradshaw et al.

[ 2 4  3 ,  and Collins and S impson [27] it is assumed that

a q 2 
= F~~.I

( 2  2~~
‘-~~ 

/ ax 
= 

Norma l S t ress Product ion - F 3 30Shear Stress Produ ction
~~~~

3/2
= ( F~~~ ) IL

where

a const 0.15

F a function of x only ~ [1+2 
3u~ ax

1y max
shear

L dissi pation length L(y/6)

It is pointed out that only Collins and Simpson

consider norma l stress turbulence product ion s ign i f i can t ;

the models of IlcDonald et al. [25,26] and Bradshaw et al.

[ 24 3 are obtained by set t ing F 1. Substituting

3.30 into 3.29 and expres sing the resulting equation in 
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terms of the parameters Me ,X ,6 ,u 8, we get

C(3-M~)~— ~ + f~( I ’ ~I} ~- + ~
3IT ! )d~ } 

~~~~~~~~~

+ { f ( I~ I~~ 
+ ~~~

t I )d~ } .

+ {f
~(I~ I~~ 

+ , t I )d~ } d6

+ ~~~~~~~~~~~~~~~~~ + ~
3 t I )d~~~~ } ~~~

+ {f i _____  

~~~~(~~~~~~~~
/)

~~~~~~ 
-

dx -

- 
(~~~~ ~~~~~~ 

+ -
~~~ ~~) f~~I~~d~ + -~~

-
~~~ d~

- F 1”2 f ~ r~~ ”2 L~~)~ ) d~ } 
—

~~
-

~
- (3.31)

w here

— 
_____  = —s--— .~± (3.32)
p u 2 Ueô a~e e

If the mixing length model (equations 3.22 and 3.23)

is used and if F is formulated in terms of the assumed

veloc ity profile function and its derivatives, then

Equation 3.31 becomes a differential equation involving

Me i A , 6, U 8, 9.~ /ô , and their derivatives; in effect a

differential equation for L~/ô. (It still remains to 
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specify L/d f(~~)). It must be noted that the formu-

lation is still not comp lete, since all of the partial

derivatives of ~~ have not been presented . They will

not be written here but the following two points are

l i s ted

(1) The part ial  der iva t i ves  involve many terms,

due to the algebraic complexity of the mixing

length model itse lf ,

(2) It is necessary to evaluate all of the second

d e r i v a t i v e s  of the velocity profile function.

Af ter all operations have been performed and the

In dicated integrations performed (numerically) equations

3.8, 3.9, 3.10 or 3.11 , 3.12 and 3.31 are five coupled

ordinary differential equations for the six parameters

e, Me i A , 6 , u ,  L i d  and can be solved if either of ~
or Me are specified. Calculations were performed using

this set of equations for the Simpson et al. [21 3 and

A lber et al. [13 3 flows . The results were as follows .

It was first assumed , follow ing McDonald et al .

[25 ,26] Bradshaw [24 ] ,  and particularly Collins and

Sim pson [ 2 7 ]  that the d iss ipa t ion  length is a function

of y/6 only and as approximated by
L -1

a tanh tLjd ~
][l + 5 5 ~~~6]

for attached bounda ry layers 7 (3.32)
L

a 
~~~

for se parated boundary layers 

•
~~~~~~

•
~

•••• _
~~

__
~ 

-
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w here L~ /c 5  = 0.09.

Calculations using this formulation were quite

discouraging, being similar to those made with Z
,7~,

/ d  0.09,

as indicated by the skin friction plots of Figure 3.5. .

It was concluded that the dissipation length formula- 
—

tion of 3.32 was not sufficiently general.

The measurements of Simpson et al . [ 21 ] indicate

that in a separating boundary layer , the dissipation

length (as well as the mixing length) in the outer

portion of the boundary l aye r decreases as se p ara ti on

is approached , accordingly calculations with Lj6 = 0.07

were m a de ; th ese were i naccura te i n re gi ons up s tr eam

of separa ti on.

Realizing that L / d  in fact varies with the flow ,

H ca l cu la ti ons were then ma de w ith

Lj6 = 0.05 + 0.04 exp (—8/4)

These calculations were slightly better but by now it

should be obvious that specifying L~,/I5 is a function of

the mean flow parameters is no different than specifying

9. / S as a function of the same mean flow parameter and

that the latter is considerably more efficient! As a

resul t , it was concluded that , w it h i n the framewor k of

the present method , there is no advantage to using

- 

-

~ either the extremely com plicated (algebraically)

turbulence kinetic energy equation or the (artificial)

“ lag ” equation and the sim ple alg ebraic mixing length.

~~~ --  ——-—~~~ -—~~~~~~ _--~~~
_ —- --—-

~~—--~~~~ -- --— --~~~~~ —~~~~~~~~~~--
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correla tion embodied in Equations 3.24 - 3.26 was

adopted as both simpler and more accurate.

3.4.2 Effects of Turbulent Normal Stresses

Since the work of Newman [28), it has been

recognized that as a boundary layer approaches sepa-

ration , the effects of the turbulent normal stresses

(p~
2 , p~

2) are no t negligible. These stresses con-

tribute the term

+ 1.. (p
~~~~~

2 ..
~~~~~~~~

2 )

to the right hand side of the partial differential

momentum equation of the boundary layer (eqn. 2.2).

In addition to their effect on the mean f low equations,

Simpson and co-workers [21 ,27] found that the effects

of normal stresses on turbulence production were signi-

ficant. Collins and Simpson [271 subsequently presented

a turbulence kinetic energy equation based turbulence

model which accounted for the normal stress production;

this is essentially the model of equations 3.30 - 3.32.

The work involving the turbulence k inetic energy

(integral) equation described here 4n thus took normal

stress turbulence production into account.

Re turn i ng to normal s tresses in th e mean f low

equations , it is necessary to model the above term in

terms of the other flow parameters . Following Townsend

[29], McDonald et al. [25 ,26] and Coll ins and Simp son ,

it is assumed that 

- ~~~- -~~~~~--—
-- - ~~—-—-  - -
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— q 2 and ~~2 q 2

thus p (v2—~
2) — pq 2 

— Ir~, I

resul ti ng i n -

p(~~
2—~

2) = a 
~
tt~ 

= a I ~ c ~~~~~~~~~ 
( 3 .33 )

A value of a a 2 was se lected In accord w i th  previous

workers [25—27] .

Upon integrating the normal stress term across the

boundar y layer , the term

-a 1~~m~~ ~ I~~d~
is added to the r ight -hand s ide of the momentum equat ion

3 .2 (m = n a 0), moment of momen tum equation 3.3 (m = 0,

n = 1) , and mec hanical energy equation 3.4 (i n  = 1 , n a 0).

Subs tituting the assumed velocity pro file and the mixing

length turbu lence model and expanding resu lts in the

add ition of the following terms to the working Equations

3.9—3 .11:
dM

To the coeff i cie n t of 
~~~~~~~~~ 

is added :

a [ f ~~
m
~~ ~,!I d~ + (2 -M~ ) Ifi j

~
4—• f m

~
’
~ fld~ ]

To the coef ficient of is added :

a 1~~m~~ ~~ d~ 

-- - -
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- To t he coef f ic i ent of ~~~~~~ is added:

a f:~
m
~
n 

~ 
d~

du
and , to the coefficient of is added:

a 1i,m~n 
~~~~~~~~~~ d~
8

Attention is directed to the required partial

derivatives of the turbulent shear stress function lii.
As in the turbulence kinetic equation , these are alge-

bra ic functions of considerable complexity , involving

second derivatives of the velocity profile function with

respect to the 4 parameters Me~ 
A , 6 , U

8.

Us ing the present method calculations were performed

i n whic h the effec ts of normal s t resses  i n both the mean

flow and turbulence kinetic equations were included. As

regards the turbulence kinetic energy equation , the effects

of normal stresses were not found to be significant (the

effect of normal stresses are represented by the “F”

defined in Equation 3.30, with F 1 when normal stress

effects are neglected ) and do not inf luence the conclu-

sion of the previous sectio n that use of the turbulence

kinet ic energy equation itself is not warranted. As

regards the e f fect  of norma l s t resses  on th e mean f low

equations , calculations of Cf~ 6, H for the ent ire

Simpson et al. [21] flow , both with and w ithout the 

-- ~~
_ _ :

~~~~~~~~ ~~~~~- -~ -~~~ -~~~~~ - - 
-
~~~ -~~~~~-
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normal stress terms were carried out. No difference

in predic ted val ues of Cf~ 6, H , ~ , and Me were observe d;

hence , it was concluded that, w ithin the present frame-

wor k , norma l stress terms do not greatly effect the

accurac y of the met hod.

3.5 Mathematical  Deta i ls  of Solut ion Procedure

In terms of a closed system of equations , the

boundar y layer calculation problem Is now completely

formulated. Complete knowledg e of the boundar y layer

flow is given in term s of the parameters ~~

6, U

8 
as funct ions of x. Via the velocity profile

specification of Section 3. and the turbulence model

d i s c u s s e d  in 3.4, Equations 3.8 - 3.12 become , ultimately,

f ive f i rs t order , non -l inear , ordinary differential

equat ions with Me~ 
A, 6 , u 8,~~ as depend:nt var iables

and with x as the independent variable . Now informa-

tion from the inviscid outer flow must be input to the

boundar y layer method , thus either Me ( x )  or ~~( x )  i s

regarded as a known funct ion (the poss ib i l i ty  of a

mixed specification with Me known for certain x ’ s and ~
known for other x ’ s is not prec luded ) .  To ca lcu la te  the

remaining 4 parameters , only 4 equat ions  are needed ,

* In incom press ib le f low , Me i s  the ra ti o of t h e loca l
edge veloc ity to a reference velocity .

** Using a differential equation turbulence model intro-

duces an add itiona l parameter , ç/6, and an additional

different ial equation.

~

- -—_ - -  - - -~~ - - - —---~~~~~~~~~
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accord ingly either the moment of moment um equation

(3.1 0) or the mechanical energy equation (3.11) is

dropped. The ultimate selection of one of these over

the other will be discussed shortly : the other critical

quest ion of whether Me or ~ is taken as specified will

be the subj ect of a la ter  sec t ion .

The  al gebraic comple xi t y of the ve loc i t y  der iva t i ve

integrands and the turbulent shear integrals, as well as

the non-linearity of the resulting differential equa-

tions make a numerical solution the only possibility .

The differential equations to be solved have the form

dM d u
A —i + B + C + 0 —p- = Ei dx i dx i dx i dx i

I = 1,4

T he coef fi c i ents A , B, C , D, E are func ti ons o f Me i A~
V 6, U

8 
an d involve several integrations , the coefficient

E also contains Q. The integrations in A , B, C, 0 can

be preformed analytically if the flow is incompressible

C 30]; however , the shear s t ress ~integrals in E cannot

and for com pressi -ble flow , neither can those in A, B, C,

D. In the present me thod , al l  integrals were evaluated

numer ically. A large number of integrals had to be

calculated (approximately 40 if the turbulence kinetic

energ y equat I~on is to be solved, 30 if not), requiring a

rapid , eff icient inte qration method. Because of its

higher accuracy for fewer points (that is fewer calcu-

lat ions of the integrand), Gauss ian quadratu re formulas

~ 

-
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were selected for single integrals. The double inte-

grals required for the moment of momentum equation were

evalua ted by using a 10 point Simpson ’ s rule for the

ou ter integral with a Gaussian quadrature for the inner

integral. All integrals were evaluated in 10 strips

from ~ = 0 to ~ = 1. Because of the more rapid varia-

t ions near the wal l , 6 point quadratures were used for

< 0.1, 4 point for 0.1 < ~~ < 0.3 and 2 point for ~ > 0.3.

Because of the appearance of the same terms in many -

of the integrands , a g rea t com p uti ng ti me sav i ng w as

real ized by calculating integrals simultaneously rather

than one a t a ti me.

The compl ications involved in calculating double

integrals would seem to indicate that the mechanical

energ y equation (3.11) should be preferred to the moment

of momentum equation (3.10). Initial efforts were in

fact concentrated on a method using the mechanical energy

equa tion. Numerical experimentation showed that extremely

small integration steps were necessar y to obtain accuracy

i n the d iss i p a ti on i ntegral

1’ ~
0 2

The integrand in this term is proportional to (a ~ / a~~
) 3

s i nce
3u a u

I ‘~‘J — —ay ay

_ _  _ _ _ _ _ _  
-~~~~~~~~

---
~~~~~~~~~~~~ _ _
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and the rap id variation of ~~~~~~~~~~~~~~ near the wall requires

ex tremely small steps of integration. For this reason ,

the moment of momentum equation was found to be super-

ior to the mechanical energy equation and was adopted

for the remainder of the study .

In i t ia l ly,  a fourth order Runge-Kutta method was

se lected for so lv ing the di f ferent ial  eq uat ions ;  how-

ever , this was found to be very slow. A fourth order

modif ied predictor - corrector scheme was then employed

which has the ability to change step size to speed up

calculat ions or increase accuracy. As expected , the

predictor - corrector method required about half the

com puting time of the Runge-Kutta method.

In order to start the calculations , initial values

of Me’ X~ 6, u8 mus t be known at some x location. When

testing the program using experimental data , va lues  o f

Me~ 
A ( C f)~ 6 are usually available at a stat ion upstream

of the region of primar y interest and calculations are

-s tarted there. The value of u8 at the initial station

is obtained from the “ loca l  fr i ct i on law ” , equat ion 3.7

When making a complete calculat ion starting from a leading

edge or front stagnation point, theoretically a laminar

boundary layer calcula tion and transition analysis w ould

be needed; however , in the present work it was assumed

tha t transit ion occurred very close to the leading edge

and the ca lculations were initialized by setting 6 = 0

—-- -

~

-- - - -  -- --- - -—-~~~ ~~~~~:i__ , _ _~ _ _ 
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at a leading edge and using turbulent f la t  p la te  boundary

layer cor re la t ion s  to est imate 6 and X ( C f ) at the f i rs t

point downstream of the leading edge.

3.6 Weak Interac tion , Strong Interaction , a~ d the

A ppearance of Singular Points

The coupling between the viscous and inviscid flow

regions requires that either Me or 0, as calculated by

the inviscid flow model , be specified as known input to

the boundary layer model. Of course,  i n  c l a s s i c a l

boundary layer theory, the edge velocity (Me) is taken

as the known input parameter. This is referred to as

the weak interaction model because, to first order ac-

curac y for these boundary l ayers , the p resence of t he

boundar y layer does not affect the pressure distribution.

In this approach, the (small) effects of the boundar y

la yer on the pressure distribution are accounted for by

add ing a “d isplacement thickness ” to the body , effec ti vel y

modify ing the body shape. If the weak interaction ap-

proach is adopted -, the continu ity equation (3.8) can be

subtracted from the momen tum and moment of mome ntum equa-

tions (3.9, 3.10) thus remov ing G as a va r i ab le .  Af ter

these mod ified equations , together with 3.12 are solved

for A , 6 , and u8, ~ can be ca l cu l a ted  from the cont in-

ui ty equation (and 6* can be ca l cu l a ted  by in tegra t in g

the ve locity profile). That this appro ach to the calcula-

t i on of al l  types of boundary layer f lows , both a t t a c h e d

-4
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and separating, as des irable is due not only to the

simplifi cation resulting from the elimination of ~ from

the system of equations but also to the fact that methods

to calculate inviscid flows with body geometry sped -

f led are easier  and cons i derab l y  more p lent i fu l  than

methods to ca lcu la te  geometry ( i .e .  8) w i th  ve loc i ty

(M e ) s p e c i f i e d .  U n f o r t u n a t e l y - ,  considerable research

has demons trated that the weak interaction formulation

is inadequate for the ca l cu l a t i on  of se para t ing  boundary

la y e r s .  ~1— 5 ,3l—34 ) Typi cally, aoo l lcat Ion of the weak

interaction formulation yields one of two results:

(1) If a pressure distribution predicted from a

completel y inviscid analysis of the flow over

a body is input, the weak in terac t ion  method

typically breaks down as separation is appr oached ,

wit h numerical divergence occurring. Typically

6 , 6~ , H, and ~ rap idly increase just before

breakdown . The occurrence of separation can

be predicted by such a me thod and its location

roug hly estimated, but no flow details in the

vicinity of separation can be ob tained and the

effects of the boundary layer on the pressure

distribution cannot be obtained.

(2) If an exper imentally determined pressure distri-

bu tion is Inout, calcula tions usu ally do not

pred ict separation; instead the skin friction

- - - -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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leve ls  of f  at some constant  va lue  near the

measured separat ion loca t ion .  Ca lcu la t i ons

by Cebeci et a l .  [32] for several incompres-

s ible flows and by Gerhart and Bober [33]

f o r  t h e  c o m p r e s s i b l e  f l o w  of A l b e r  et a l .  [1  3 ]

substantiate this conclusion. Application of

the present method ( in the weak interact ion

mode) to the incompress ib le  separat ing f low of
- Simpson et al [21] produces similar results as

shown in Figure 3 .2 .  Cebec i et al. and Gerhart

and Bober have indicated that it is possible to

conclude that separation is in fact occurring

and to est imate i ts loca t ion  from such ca lcu la-

t ions,  but obv ious ly  they are of no va lue for

pred icting details of the flow .

The first behavior is not a cause for ma jor concern

because in a separating flow the inviscid pressure distri-

bution Is significantly modified by the viscous-inviscid

i n t e r a c t i o n  so some calculation scheme which artificially

smooths the pressure d is t r ibut ion for the f i rs t  few cyc les

of i terat ion may poss ib ly  be devised . The second be-

havior is more dec is i ve  in its im pl ica t ions s ince it

i mpl i es tha t even if the exact  pressure d is t r ibu t ions  were

somehow arr ived at , t h e  boundary layer flow could still

not be accurately calculated !
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The ,-c~ olu tion of thi s dilemma has been presented

by a number of researchers [1-5 ,34] and requ ires that

c a l c u l a t i o n s  be made in the so calle d strong interaction

mode in wh ich  the pressure is cons idered as an unknown

in the boundary layer ca l cu la t i on  w i th  some other para-

meter being spec i f ied  as input Information. If the

in teract ion formulation of the current method Is fo l lowed

(see equations 2.9 - ,  2 .10) ,  the obv ious va r iab le  to s pec i f y

as input is the velocity angle at the edge of the boundary

l a y e r  0. The  f l o w  a n g l e  has  b een u s e d  e x t e n s i v e l y for

cou pling in supersonic separated flow calculations [35-37 ]
bu t has not been employed as extensively in inc r~m pres-

sible/subsonic methods. In low speed flows , the dis-

placement thickness has been used t3-5,38], as has the skin

fr iction coefficient [2,3]. The reason for chosing one

formula t ion over ano th er is not so much that one is more

appro priate from a physi cal view p oint but that some formula -

tions may be more eas i l y  co u pled to i n v i s c i d  f low methods

than others. In this regard , there is no way that initial

guesses of C f ( x )  can be iteratively updated by solving

for the f low external  to the boundary layer; however ,

g u e s s e s  of d * ( x )  or 0 ( x ) ,  which lead to a Me (x )  ca lcu la ted  —

from the boundary la yer equations, can be updated by apply-

ing the ca l cu la ted  Me ( x )  as a boundar y cond i t ion  in an

Inv i sc id  f low anal ysis (the “ i nverse ” or “ d es i gn ” pro blem

of invisc id flow theory). As to the choice between 3*  or

~ as the stron g in te rac t ion  va r iab le , It is here pointed 

—_-- - - -—- — - -—---- —-- - —- -k- - ~~~~~~~~~~ - - - -
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ou t tha t,formal l y, it is the slope of the velocity

vec to r  on the surface that is computed by an i n ve rse

invisc id flow method , w ith the corresponding “bod y sur-

face ” i.e. body plus d isplacement thickness , determ ined

by integrat ing the surface s lopes.  In addi t ion ,

G naturally appears  as a var iab le  in the integral boundary
*layer method , 6* would have to be introduced a r t i f i c ia l ly .

For these reasons , it was decided to employ ~ as the

in teract ion parameter in the st rong in teract ion mode in

the present work .  Therefore , in the stron g in teract ion

mode , ~ (x) is presumed known and the continuity , momen tum ,

momen t of momen tum , and sk in friction equations 3.8 -

3 .10 , 3.12 are regarded as 4 equations for calculating

the 4 variables Me~ 
A , 5, u~ .

Initially, it was proposed to ca lcu la te  the ent i re

boundary la yer flow, attached , separat ing, full y se para te d ,

reat tach ing,  and redeve lo ping,  using the strong inter-

action formulation. Th is was u ltimately rejected, i t be i ng

* This is most easi ly  accom pli shed by putting the boundary

layer integral equat ions In weak interact ion form to
e l i m i na te ~~~~and in t roduc ing the def ini t ion 6* *

6f ~ ( l -  
~~ 

dy 6* (M ,A ,d ,u 3 ) = 5~~( x )  as an ex t ra

equat ion, which may be retained in its algebra ic form

or converted to a differen tial equation [3 ]

~~~~~~~~~~~~~~~~~~~~~~~~~ 
--~~~~~~~ :._~~~~~ - ---- - -
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found tha t the strong Intera ction equations are ill

condi t ioned in regions where the boundary layer is non—

se parated.  It is therefore necessary to calculate the

boundary layer f low using a combinat ion of weak and

I - - strong interact ion formulat ions.  Wi th  reference to
— Figure 3 .6 ,  ca lcu la t Ions  are initially begun in the

I weak in teract ion mode, near a leading edge o r at s ome

point well upstream of separ ation. Calculations are

marched downs tream in the weak interaction mode, until

at some po int it becomes necessary to switch to the strong

interaction mode as separation Is approached. Calcula-

tions are carried through separation to fully separated

f low in the strong in teraction mode. In flows exhibiting

large separa ted  reg ions, in which the f low essen t ia l l y

dev e lops  as a f ree shear layer , it may be necessary to

sw i tch  back to the weak in teract ion mode to make calcula-

tir~ns In the free shear layer. If and when the separated

boundary layer rea ttaches , it once again becomes neces-

sary to em ploy the strong interaction formulation to cal-

culate through the reattachment. At some point downstream

of reat tachment , the weak interact ion formulat ion may again

j be used.

The obvious question that arises Is when to switch

from one mode of calculation to the other. In practice

there are two crite ria used: 
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(1) When separat ion or reattachment is approached

calculat ions must be switched to the strong

in teract i on mode; w hen reat tachment is “com p le te ”

ca l cu la t i ons  must be sw i tched  to the weak inter - 
-

act ion mode.

( 2 )  When s ing ul ar po ints ( the set of equat ions  being

used becomes indeterminant) are approa ched , it -

is necessary to switch to the opposite formu-

lat i on to cont i nue ca l cu l a t t ons .  -

From previous discussion of the behavior of the weak

i nteract ion equa ti ons , it is obvious that this formula- —

tion must be abandoned before (fully developed) separation.

The neares t  to separation that these equations might pos- -

s ib ly  be extended is the po int of intermittent separation , -

d i s c u s s e d  by Sand born and Kline [ 3 9]. This criterion

indicates that intermittent separation begins at the point

where 
* -l -

6
H k 

> 1 + (1 -

T h i s  is ty pi cal l y sat i sf ied If Hk is approximately 2.4. 
-

It w a s fou nd that be t ter  a cc ura cy c ou ld be o b ta ined  by

sw itching even before this criteria is sa t i s f i ed ;  therefore,  -

the current method use d two criteria to indicate the

approach to separation and the need to switch ’ from the

weak in teract ion to the strong in te rac t ion .  These c r i t e r i a  
-

a r e  -

._ ----- - -- --

~

_

~ _
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Hk ~ 2.0

or ( 3 . 3 4 )

O > .5

The former c r i te r ia  tends to dominate if experi-

men tally determined Inputs (Me(X)) as specif ied and hence

pr es uma bly In the later s tag e s o f it e rat i o n , whi le  the

la tter tend s to domi nate if ideal f low pressure distri-

butors are used ( i .e .  in the early stages of iteration).

In flows redevelo ping following reattachment , calcula-

tions are switched from the strong back to the weak

interac ti on mode i f

H k ~ 2.2

and ( 3 . 3 5 )

dC f

The occurance of s ingu la r i t i es  in the boundary

layer equation is a well known fact the stagnation

point and separat ion singularities being two well known

exam ples. Integral boundary layer calculation methods

seem to be especiall y prone to exhibit singu larities,

es pecial ly in the vicini ty of se parat ion and reattach ment.

Singular i t ies may be div ided into two types, those wh ich

are connec ted  with significant physical occurrences in

the f low i tsel f  and those which are not necessar i l y  con—

nected w i th  physical  occurrences but are rather attribu-

table to mathematical anoma lies in the particular calcu-

lation method chosen. An exam pl e of the former type of

singularity Is the well known Crocco-Lees [31 ,35-37] 

-----— -~~~~~----~~~~~~~ -- .- --— -—- - - A
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cr itical point which appears in supersonic separated

and reattaching flow analyses and has been shown to

be analogus to the critical point occurring in the

throat of a subsonic -supersonic nozzle. E, amples o~
the latter type are the “ve loc i ty  prof i le  c r i t i ca l

poi nts ” d iscussed by Shammroth and McDona ld [40-4 1] and

further by Gerhart [ 3 4] .  The la t t e r  type of cr i t i cal

point is Identi f ied wi th  the fa i lure of a f in i te  set

of integral equations coupled with a particular velocity

profile function to produce a completely independent

set of equations at all times. Calculation difficulties

assoc ia ted  w i th  the la t ter  type of s ingu lar i ty  can be

overcome by using an over -cons t ra ined  set of equat ions

[40, 41] or by sw i t ch in g  from the weak to stron g inter-

act i on formula ti on or vice versa [34]. It is important

that these latter types of singularities not be assi gned

physical significance and it is questionable if smooth

passage through such s ing ular points  shou ld  be made a

criterion for arbitrar y adjustment of fl ow parameters

(see Shammroth and McDonald ’ s [40,41] discuss ion of the

work of Green [ 42 ]  and a lso Tai [43 ,44 ] ) .

In the current wo rk ,  both types on singularity were

encountered . As point ed out by Kuhn and Nie lsen [3] ,
If the wall-wake velocity profile (equation 3.5) i s

assum ed, the coe f f i c ien ts  of dA /dx in all of the differ-

ential equat ions (3.8 - 3.12) van ish when A Cf 0,

— _— — - - - - -  - _ ~~~~~~~~~~~~~~~~
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which becomes a singularity in either the weak or strong

interaction formulations. This behavior may be identi-

fied with the separation point singularity and has some

physi cal implications. Examination of the wall-wake

velocity profile function shows that all influence of

the (zero) skin friction disappears. Downstream of the

point of zero sk in fr ic ti on , the boundary la yer may

develo p as a recirculating flow above a solid surface ,

in which case the skin fricti on attains negative values

or as a wake type f low in wh ich  the sk in  f r i c t ion  re- -

ma ins zero; therefore, “critical” po int behavior is not

inconsistent. -

Whatever it s cause , if a singularity occurs in the

ca lcu la t ions , a me thod must be devised to calculate

through it or jump over it. Kuhn and Nielsen [ 3 ] m di -

cate that the singular ity can be removed from their

formula tion which uses 6* rather than ~ as the strong
*

i n t e r a c t i o n  pa r a m e t e r  . Th e y show t hat the ra ti os of

coefficients of dA /dx in their differential equation

set  are finite so that , by dividing the momentum and

moment of momentum by the differentiated displacement

thickness definition , two independent differential equa-

tions are recovered. These are solved together with a

prescr ibed 6 * (x )  and the 6* de f in i t ion .  Of course,  usin g

* Since  it o cc urs where Cf 
= 0 (fully developed separa-

t ion) ,  this s ingu lar i ty  must alwa ys be dealt with in

the str ong in teract ion formulation.

-—-- --- - --  - -, ------ -- - -----_ --- - - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~~~~~ —~~~~-—~~~~ ~~~~~
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the 6* definition twice does not introduce any new

i nforma ti on , it simply re~,resen ts an artificial way

of remov ing a computational diffi culty . Kuhn himself

states that the method is essentially equivalent to

prescribing A (x) as the interaction parameter as in

his pr evious work [2]. Had it been deemed necessary ,

a simi lar deve lopment  cou ld  have been undertaken in —

the present work, however extensive calculations re-

vealed that the singularity associated with the van ish-

ing of A is very weak. A singularity is of course

assoc iated with the vanishing of the determinant of the

ma trix of the coefficients of the derivative dM e/dx

dA / dx ,  d6/ dx ,  du~ /dx of equations 3.8 - 3.12. The pre-

dictor-corrector method used for the solution of the

differential equations is sensitive to the approaching

of a singularity , with the marching step size being

au tomatically reduced as the determinant decreases . Cal-

culations have shown that the skin friction param eter

A , can be reduced to a value of t .0000005 without
*

any notable effect on the calculations. The deter-

minant thus behaves as shown in Figure 3.7, with no zero

• - crossing by the determinant. Since this singularity is

so hard to detect , i t is extremely unlikely that it

would ever effect the calculations signi ficantly. In

* The ex i s tance  of the s ingu la r i ty  was nominal ly
- - verified by setting x a Q •Q , in the computer program
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FIGURE 3.7 SINGULARITY A SSOCIATED W I T H
VANISHING SK IN FRICTION

FIGURE 3 .3 NON-PH YSICALLY SIGNIFIC A NT “VELOC ITY

PROFILE CRITICAL POINT [40]”
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*

order to account for the possibility of its occurrence ,

it was dec ided that if this singularity does occur , the

values of the der ivatives from the last upstream sta-

tion are used , thus the variables are linearly extrapo-

lated through the singularity .

• Singu la r i t ies  of the “non s ign i f icant”  type also

occur in the current method. Typ Ically these singular-

ities are not associated with either a row or column of

the differential equation matrix vanishing but simply

the appearance of a zero determinant. Singularities of

this type involve a “zero crossing ” determinant as

shown in Figure 3.8. In such a case , the approaching

singularity is detected by the differential equation

solver , with the result that calculations usually break-

down before the singular point -is reached . Numerical

experimentation has revealed the following about these

typ es of s ingular i t ies :

(1) They are more prone to occur in compressible

f low ca l cu la t i ons , becoming stronger and more

plentiful as the Mach number is Increased ,

( 2 )  The singularities only occur for A negative

or very smal l  p o s i t i v e  (i.e. near fully devel-

oped separation),

(3) Althou gh these singularities occur in both

the weak and strong interaction fo rmulations, 

- 
_____________________
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they do not occur simultaneously (e.g.

at the same values of Me l ~, A, 6, u
8) 

in

both formulations.

The latter fact provides the key to avoiding these

singularities; all that is necessary is to switch from

wea k to strong interac tio n ca lcu la t io ns ( o r v i c e  ve rsa )

as a singularity is approached. This behavior and

remedy were discussed by Gerhart [34] although he ap-

parently had not uncovered the entire picture.

Dur ing the course of the calculations , the deter-

minan t of the matrix of the differential equations is

mon itored. If the ratio of the current value to a

reference value is less than 0.2, it is assumed that a

“zero crossing ” or singularity is eminent and the calcu-

lat ion is switched from weak to strong interaction or

v ice versa. For positive values of A, the reference

determinan t i s the value at the las t po i nt where C f > .0015 ,

for nega ti ve va lues  of A , it is the initial value of

the de terminant at the last mode switch. In practice,

the choice of the weak or strong interaction mode is

usually dicta ted by the criterion of equations 3.34 and

3.35 , wit h singularity appearance dictating the switch

from strong to weak interaction only in the reg i ons of

4 
reverse flow (after separation , dur ing free shear

layer deve lopment ) .
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At th is point, a further dis cussion of the method

of solvIng the differential equations of the viscous

layer is in order.

These  equa t i ons  have the form

dM du
A e + A  dA + A  dS + A  B Bii dx z i dx 31 dx 1

i 1 ,4

In the strong interaction formulation , Me i s an unknown

and there are 4 differential equations to solve; in the

weak i nteract i on formula ti on , M e is known and since G

does not a ppear in a de r i va t i ve ,  it can be e l iminated

with the result that only 3 differential equations re-

ma in. The predictor -corrector method employed for the

solution of the differential equations requires know-

ledge of the derivatives of 4 p rev i ous po i nts to march

the solution forward ; therefore, It must be started by

a Run ge—Kutta method , which  turns out to be a ra ther

time consuming and sensitive process. Now if in switch-

ing from weak to strong interaction , we add an extra

di f ferent ia l  equation to the set ,  i t is obvious that

the ca lcu la t ions  must be restar ted . In order to avo id

this, both weak and strong interaction calculations are

arranged to solve 4 differential equations; when mak ing

weak i n te rac t ion  ca l cu la t i ons , the cont inu i ty  equat i on

(I 1 above) is subtracted from the momentum and momentum

equations (I 2 ,3)  and d iscarded . It is rep laced by

the equat ion



—-— — — — . —.- “ _. .
~~~~.

-——__.-
~~— _-, ,_--— —

~~~~~~~~~~~~ —-—— ~~ ‘“ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~  

~~~~~~~~~~~~~ - 

~~~~~~

66

dM d
= 

~~ 
(M e ( X ) )  [a give n funct ion]

T h u s  A 1 , A A A = 0 , B = known
1 , 1  l i Z  1 i 3  l , le I

func tion of x. At each station , a f ter a solu t ion has

been obta ined ,  the c r i te r ia  for switching modes are

all checked , a decision as to whether to advance the

calculations via the wea k interaction or strong inter—

ac ti on formulat ion is made , and the differential equa-

tions are set up accordingly.

3.7 Verif ication of the Boundary Layer Method

Since exact solutions are lacking , the ultimate

test of any (separating) turbulent flow calculation pro-

cedure is confrontation with experimental data. Since,

for attached f l ows ,  in the weak interaction mode , the

curren t method is quite simi lar to several of those

presented at the Stanford Conference [19,23,25], it

m ight be expected to perform in roughly the same manner;

preliminary calculations verified this.

In order to ver ify the ability of the method to

mak e ca lcu la t ions  of se para t ing  boundary layers ,  it was

neces s ary to calculate such flows. The flows to be cal-

culated should meet the following criteria

(A) Both incompressible and subsonic (or transonic)

flows should be considered ,

-- -~~ - —~-- -—-- —---— - 
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( B)  Ex tens ive  de ta i l s  of the measured f low are

needed, espec ia l l y  inc luding both pressure

(Me) and edge angle (
~

) distributors , as wel l

as C f and 6 information,

(C)  Both two-dimensional  and axisymmetr ic  geo-

metr ies are des i rab le ,

(D) Both separat ion and reattachment of the exper i -

mental f low are des i rab le ,

(E) Separation must be caused by adverse pressure

gradients, not by sudden geometry changes such

as back steps.

Few experimental flows following satisfying all of

these c r i ter ia were found; however , two excellent test

cases were found.

Simpson et al. [21] have made exhaustive measure —

ments in an incompressible, two dimensional separating

boundary layer. Then experimental results include both

velocity and edge angle distributions , boundary layer

th icknesses ,  f orm fac to rs ,  sk in f r i c t ion  coe f f i c ien ts ,

and detai ls of the turbulence structure. In fact the

on .1 y thing which keeps this flow from being a complete

incompressible test case is the fact that the flow does

not reattach.
V Alber et al. [13] have presented measurements made

in a two—dimens iona l  t ransonic se para t ing  boundary layer

- “-- ~ -V - -~~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~-~~~~-- ~~~~~~~~~~~~~ -~~-~~--~“—- --—— ---
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*f low.  They present in format ion on pressure distri-

bution , boundary layer thicknesses , form factors and

skin friction coefficient. Al though edge ang les were

not presented in the paper , they could be estimated

from given 6, 6~ , Me data via:

tan ~~~~ a + (M _l)( 6_ 6*) 
y

t ~~~~~ (3.36)

This f low a lso included reattachment.

The two f lows ment i oned sa ti s fy all of the des i rab le

criteria except for axisymmetric geometries. Putnam

• and Abeyounis [45] surveyed the flow field in the vicin-

i ty of a boattai led axisymmetric afterbody and presented

Mach numbers and flow angles; however , no boundary layer

details were obtained and the published figures giving

M and “s” were too smal l to be usefu l .  At tempts to

obtain larger scale figures were unsuccessful.

Using the method developed in Sections 3.1 -3.5, the Simpson

and A lber flows were calculated. The results are shown in

Figures 3 . 9 —  3 .16.  The ca l cu l a t i ons  were s tar ted by match-

ing Me~ 
6, A at the furthermost upstream point shown.

In both ca s es , the entire exper imental ly  determined Me (X )

and ~ (x) distributions were made availab le so that the

parameter required by the choice of interaction mode was

a lways a v a i l a b l e .  The norma l st ress  terms as fo rmulated

* I. E. Alber has been kind enough to send the authors
exte ns ive de ta i l s  of the exper imental  data .
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FItURE 3.9 MEASURED AND PREDICTED VELOCITY AND EDGE ANGLE
: DISTRIBUTIONS FOR SIMPSON ET AL . FLOW
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FIGURE 3.10 MEASURED AND PREDICTED SKIN FRICTION COEFFICIENT
DISTRIBUTION FOR SIFIPSON El AL. FLOW 
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FIGURE 3.11 MEASURED AND PREDICTED BOUNDARY LAYER THICKNESS
DISTRIBUTION FOR SIMPSON ET AL . FLOW

FIGURE 3.12 MEASURED AND PPVEDICTED SHAPE FACTOR

DISTRIBUTION FOR SIMPSON El AL. FLOW
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FIGURE 3.15 MEASURED AND PREDICTED BOUNDARY LAYER
DISPLACEMENT THICKNESS DISTRIBUTION FOR
THE ALBER ET AL.  FLOW
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in eq uat ion 3.33 ff were included in both cases and

the algebraic turbulence model of equations 3.24 - 3.26

was employed. * Although the calculations do not show

perfect agreement the following are believed to be sig-

nificant accomplishments.

(1) The agreement is reasonable,

(2) Both compressible and incompressible flows

are predicted by a s ingle method ,

(3) Separa tion , reverse flow, negative shear ,

and reat tachment are all evident and , given

the diff iculty of even measuring negative

shear , are cons idered rather accurate ,

(4) The pressure ( M e ) distribution is calculated

reasonably wel l  by the strong interact ion

method.

Based on the results of these trial calcu lations and

in comparison with the experience of other investigators

in calculating these flows [27,33], it was concluded

that the integral method develo ped herein is su f f i c ien tly

accurate to be used as part of an a priori separated

fl ow predict ion procedure.

* I t  s h o u l d  be pointed out that slight ly better calcu-
V - lations could be obtained by adjusting the constants

in equation 3.24 for each flow. These “constants 1’

might be a function of Mach number but information is
L insuff ic ient to pursue this point further.



- - ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
— --‘

~~~~~~~ :~~~~~~~~
- 

~~~~~ —— —---V
~~~~~~~~~

—--—- 
~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ - 

V V ~~~~

74

4. Invisc id Flow Calculation Procedure

The boundar y layer method described in the previous

cha pter represents only half (or less!. ) of the en tire cal-

culat ion procedure for a priori prediction of separating

boundary layer flows. In this section , results of efforts

aimed at finding solutions to the inviscid “half” of the

flow will be descr ibed.

Methods for calculating the invisc id (compressible or

incompressible) flow over arbitrary prescribed plane two—

dimensional and/or axisymmetric bodies are quite plentiful
V 

and need not be described here. These methods basically

solve the partial differential equations 2.4 and 2.5, sub-

ject to the boundary conditions of 2.7 , 2.8 and 2.10. The

boundary conditions of 2.10 is applied at the surface of

the body in question , it being assumed that the boundary layer

is nonexistent, in which case G is zero ; that is the- slope of

the ve loc i ty  vector is required to be equal to the body slope.

This constitutes the so called “direct” or “analysis ” prob -

1cm of inviscid flow theory .

A few authors have presented methods for calculating

the body which wi l l  y ie ld an arb i t rar i ly  prescr ibed pressure

distribution over its surface [46—48]. Such methods formally

so lve  equat ions 2.4 and 2.5 sub ject to the boundary conditions

of 2.7, 2.8 and 2.9 (aga in , typically 6 = 0 so the boundary

cond ition is applied at the body surface). In this method ,
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it is actually the slope of the body surface which is computed ,

with the geometry being determined by an integration of the

surface slope. This constitutes the “inverse ” or “design ”

• problem of invi scid flow theory .

An i n v i s c i d  f l o w  method satisfactory for coupling with

the separating boundary layer method of Chapter 3 must

combine elements of both the direct and inverse problems.

We have seen that , at most stations along the flow surface,

onl y one formula ti on , wea k or strong, of the boundary layer

equa tions will apply. Now the weak interaction formulation

requ ires that Me be spec ified from outside information (e.g.

the inviscid flow procedure) and computes an updated velocity

slope G, for handing to the inviscid flow procedure; on the

other hand the strong interaction formulation requires that

G be s peci f ied and ca lcu la tes  an Me w h i c h  Is handed to the

invisc id flow procedure. It i-s therefore obvious that the

inviscid flow procedure must be capable of accepting mixed

boundary condi t ions,  w i th  d i rect  type (e specified) condi-

tions at some points and inverse type (M e specified ) condi-

tions at other points and that which points are of which type

are predetermined by the boundary layer calculations. Two

other complications arise. First , because the boundary layer

may change from iteration to Iteration , the type of boundary

condition to be applied at a particular point may change from

iteration to iteration. Second , the boundar y conditions are

V 
not applied on a “ solid surface ” which is both impermea ble

and fixed from iteration to iteration but instead on a surface *

* Hereafter ca l l ed  the “6 surface ”

~~~~~~~~~~~
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representing the edge of the boundary layer (the surface

y 5 ( x ) ,  r R + 6 ( x )  co - s  cz(x)) which Is neither impermeable

(not a sign ificant problem) nor fixed from iteration to

iteration (a significant problem).

It should not be surpr is in g that no current ly  a v a i l a b l e

i nv i sc i d  f low procedure incorporat ing al l  of these require-

ments was found; therefore,  it was necessary to attempt to

develop a satisfactory procedure. In the research efforts

described herein , 3 diff erent methods were Investigated.

These were

(1) The method of integral relations

(2) The surface singularity method

(3) The finite element method

The formulations for the methods of integral relations

an d finite elements were done for either plane two -d imensional

or axisymmetric bodies. The formulation of the surface source

me thod was for axisymmetric geometries onl y.

Eac h of these methods w ill be the subject of a separate

sect i on.

4.1 The Method of Integral Relat ions

The method of Integral relations was the method

initially Investigated for the solution of the external compres-

s ible flow problem. As the method is conceptually and

numer ically similar to integral boundary layer methods ,

It appeared to have ce r ta i n  advan tages over more conven-

tional i nv i scid flow methods for the interaction problem.

— - — —-—- — —4  :~___•aV_~•~
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Briefly , the method involves integration of the

system of f low eq uat ions in the t ransverse  d i rec t ion .

To perform this integration , the transverse variation

of  the integrands must be known. A general approach

is to approx imate this var ia t ion  w i th  po lynomia ls .

The result is that the original e l l ipt ic  part ia l  dif-

ferential equations of the flow are reduced to a para-

bolic two—point boundary value problem that may be

solved numerically using a standard Runge -Kutta or

predictor-corrector subroutine , also needed for the

v i scous  f low problem.

I t was hoped that reduction of the problem to

ordinar y differential equations would result in solu-

tion scheme that was consistent with the integral

boundary la yer method , able to handle arb itrary flow

geometries, and still be simpler and faster than finite

difference methods.

Exper ience with the method of integral relations

eventua l l y  demonstrated that any advantages gained by

reduction of the problem to ordinary d i f ferent ia l  equa-

t ions were outweighed by the algebraic com plexi ty of the

result ing system. The equations were d ifficult to

der ive and program , and ran s l o w l y .  Furthermore , the

• i te ra t ion schemes required to handle the two-point

b o u n d a r y  valve problems were physically unrealistic.

For this and other reaso ns de ta i led  in the fo l l ow in g ,

______________________________________________________________________________________ 

1-
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re-search on the me thod of integral relations was dis-

cont inued in favor of the finite element method.

4.1.1 Literature Review

A. A. Dorodnicyn f i rst  introduced the method of

integral relat ions in 1959 for mixed e l l ip t i c -

hyperbolic aerodynamic problems [49].  He and his

co l leagues so lved subsonic f low over e l l i pses  and el l ip-

so ids,  t ransonic f low over an e l l i pse , and supersonic

flow over a cylinder , al though his paper presents few

de tails. Holt of the University of California at

Berkele y used the method to solve the transonic flow

over a cylinder [50]. Melnik and Ives of Grumman Aero-

space solved compressible flows over a cylinder , an

ell i pse , and simple non -li fting airfoil sections using

the method of integral relations [51].

T. C. Tai of the Naval Ship Research and Develop-

men t Center has used the method for more practical prob-

l ems . He reports considerable success using the method

to solve the supercrit lcal flow over symmetric airfoils

[5]] and l i f t ing a i r fo i ls  [53], and matched to laminar

and turbulent boundary layer com putat ions [43-44] .  Tai ’ s

work Is Im pressive, but a typical airfoil problem takes

considerable com puter t ime and requires in te rac t i ve

graphics capab ilities [54].

- V- - ------- — - - - -—--- — - V -
~~~~~~~~~~~~~~ --~~
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4.1.2 Formulation

The bas ic equations for an Inviscid compres-

sible fluid in Cartesian or cylindrical coordinates

can all be wr itten in divergence form as follows:

Continui ty

a PV
.
~
.....(pv ) 

~~~~~~~~~ 
+ j _ ~~~= 0

j-momen tum

f 

(KP + pv~ ) + f_ ( p v v )  + ~~~ = o

r—mOmen turn

2

:~ 
b~ 

(Pv v r ) + f.. (KP + pv~ ) + j 0

2K l/yM~ = cons tan t

All  ve loc i t i es  are non-d i mensiona l ized by V~,, lengths

by some typical length (usually the body length), and

press ure and densi ty by their f ree—st ream va lues .

Further, density may be re lated to the ve loc i t y

f ie ld by the energy equation , and pressure may be re lated

to density by the isentropic re la t ion.  For incom press ib le

f l ow , o 1 , and pressure is re la ted to ve loc i t y  by the

Bernoul l i  equat ion.

Finally, the boundary conditions are as f o l l o w s :

At a sol id surface, the normal velocity is zero. At

-- 
~~~~~~~~~~~~~~~~~~~~~ ~~ _ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ _- _ _ - _~



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - — 
~
V.
_ _ _

~~~~~~ &-~~~~~ 
-V--V-V

.——V --
~~ - - - - -

80

“infin ity ” , the f low i s undisturbed , i .e .  2

P = 1 , y r = 0.

4.1.3 Development of the Method of Integral Relations

Equat ions

To apply the method of integral relations, the

f low equations must be written in divergence form :

= R(z,r ,v
~
...)

Like an in tegral bounda ry layer method , th e me thod of

integral relations relies on integration of the flow

equations in the r direction , reduc ing the partial dif-

ferent ial equations to ordinary ones with independent

var iable z. To do so , the r-variation of the inte—

grands must be known. If the flow field is divide d

into strips bounded by typical streamlines, the inte-

grands may be approx imated by polynomials of the form :

N . N
A Z a.(r—r )‘ , R E b .(r-r )

1

i 0 1 0 1=0 1 0

where N is the number of s t r ips and a 1 and b are con-

stants eva luated on str ip boundaries.

Af ter  tedious integrat ion and rearrangemen t , the

equations can be reduced to the forms:

dv dA drzo n n
dz 

= fo (Vzn~ Vrn ~~~ ‘

- —-- — —-— ---- — .-•----——-- V-V.---- ~~~~~~~~~ V _S1 -V -~~~ 
- JV_ V - 

-- ~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~ •- ~---~ — _ ------- - • - ~~~~~~~~~~~
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Or
v = v  -

1 .  ro zo dz

dv .~~~~ 
-
~ 

drzn — 
ur, fl~~ . fl

dz 
— n ‘~ zn ’~

1rn ’ dz .

dv -
~ 

drrn / Wifl I fl
dz 9n t~’zn~ ’rn~ dz ‘

w h e r e  t h e  s u b s c r i p t  
~~ 

refers to the s tagnat ion stream-

line, and the subscri pt 
~~ 

~~~5 the number of a strip

boundar y as shown in Figure 4.1. The full equations for

two—dimens iona l  f low may be found in [53]] .

It is unreasonable to expect to approximate all

flow quant ities from r0 to r~ w ith a simple polynomial.

Instead , the flow doma in is treated as a series of ef-

fective strips, using a second-order polynomial approx-

imation across each pair of strips , as shown in Figure

4.1. GIven a pa ir of strips bounded by r0, r~ _ 1~ and

the flow equations can be integrated along rn_ i if the

flow pro perties are known at rn . Thus , the solu ti on

can be found along r1 g iv en propert ies on r2 . S imi la r ly ,

the solut ion can be found along r2 g i v e n  p r o p e r t i e s  on

and so on until the free stream boundary is reached

where the flow proper ties are known . The integration of

all sets of equations is carried out simultaneously at

success i ve  z - s ta t i o ns .  Str ips may be added at any point

in the flow to increase accuracy.

_________  - c.-:.;; ~~~~~~~~- _ -  ~~~~~~~~~~~~~~~ -_IT U ~~~~4V-3V. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
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r 
_____ r~ FREESTREAM BOUNDARY
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FIGURE 4.1 A ~1tJLT I STR IP SCHEME IS USED TO APPLY THE FREESTREAM
BOUNDARY CONDITIONS AND TO IMPROVE ACCURACY.  THE
METHOD OF INTEGRAL RELATIONS REDUCES THE PARTIAL
DIFFERENTIAL EQUATIONS OF THE FLOW TO ORDINARY ONES
ALONG STREA M LINES. FREESTREA M COND ITIONS ACT AS
BOUNDARY CONDITIONS FOR THE EQUATIONS ALONG r~ .
THE SOLUTION ALONG r~ THEN BECOMES BOUNDARY CONDITIONS
FOR THE EQUATIONS ALONG r 3 , ETC.
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4.1.4 Iteration Procedures for Subsonic Flow Over

Symmetr i c Bod i es

Integration reduces the elliptic partial dif -

ferent ial  equat ions of the f low to ordinary d i f feren-  3
t ial equat ions. Two i terat ion schemes used to so lve

these boundary value problems preserve the e l l ip t ic

nature of the f low.

Flow integration starts well upstream where free-

-stream conditions are imposed. A mathematical dis-

turbance , based on predicted stagnation conditions,

must be appl ied along the stagnation streamlin e for the

flow to vary at all. Details may be found in [53].

When the flow begins to vary stably, the disturbance

i s removed , and integra tion proceeds to the body .

There , the predicted conditions may be evaluated , and

the new values are used to start another iteration.

This procedure repeats until convergence is achieved .

In tegration proceeds from stagnation , along the

body , and well downstr eam, where the pressure is expected

to return to i ts f ree-st ream value.  It turns out that

this condit ion is extremely dependent on the locat ion

of the free—stream boundary r~,1,, apparen tly since the

polynom ial approximations involve r,,. Hence, iterating

on r~,, to force the downstream pressure to converge pro-

vides feedback from downstream to upstream.

1~
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4 .1 .5  Resul ts  and Conclus ion

The  u p s t r e a m  iteration for a symmetric Joukow sky

airfoi l  at M~, = 0.5 was completed on a simple -two strip

grid. In general , the f low behavior was correct , but

canno t be com pare d to other solut ions since the down-

stream iteration never converged to an “exac t” value
of r~ . Similar test runs were made using multipl e strip

grids. From these tests, the computer time required for

the solution of the flow over a typical brly was pre-

dicted to be seven minutes on an IBM 370/158.

Several obj ect ions to the method of integral rela-

tions led to termination of the research before any

complete solut ions were obtained .

An initial objection was that the integrated equa-

tions are algebraically cumbersome. Second order approxi -

mations are very difficult to derive and program , third

order would be proh ibitive.

A second objection is that although the equations

are in primitive variable form , that is, the unknown

quanti t ies are the ve loc i t ies ,  density , and pressure

rather than a potential funct ion , the quant i t ies solved

for are combinations of these variables and must be de-

coupled algebraically at each step.

The maj or obj ect ion is that the I te ra t i ve  scheme s

required to preserve the ellip tic nature of the flow

are arti ficial. Upstream it is annoying that a d is turbance 

-— -
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I. is required to cause the f low to vary at a l l .  Near

the body , the method of integral re la t ions equat ions

become unstable, and the solution must be extrapolated

to the s tagnat ion po int. It is comforting to note that

the upstream disturbance is based on physical ly  rea l i s t i c

stagnat ion propert ies , and that the upstream Iteration

converges quickly. Regarding the downstream i terat ion ,

it is unrea l is t ic  that the locat ion of the free stream

boundary should have a pronounced ef fect  on convergence

of the downstream pressure , yet this is a most sensitive

iteration.

Finally, the large computing times predicted for a

simple airfoil demonstrated that the method of integral

relations is not competitive with finite difference or

f ini te element methods. -

• 4 .2  Surface S ingular i ty  Method

When the researc h described herein was begun , it

was decided that of all inv i scid flow methods available ,

the surface singulari t ’ —ethod held the most promise of

being easi ly adopted to the special  needs of separated

flow computat ion. This method has undergone ex tens ive

development by researchers at the McDonne l l -Doug las

Cor porat ion [55 — 58 ] .  The work by Hess and Smith [55]

may be considered c l a s s i c .  Com puter programs for s o l v i n g

the direc t problem are wide l y  a v a i l a b l e  and modif ica-
‘ 7

t ions to so lve  the inverse problem have been documented

[48,52,58].
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Basicall y, the surface singularity method constructs

a solution to the velocity poten tial differential equa-

tion , which replaces 2.4 and 2.5 by the single equation

(the ad iaba t i c—isen t rop ic  energy equation is a lso

included)

( l-M ) 
~~~ 2 

+ 
a 2 + = 0 (4.1)

The ve loc i ty  is v
~~

= V ,~+}~
. = V  cos e , v r } ~~~V s i n  e

This equation is equ ivalent to 2.4 and 2.5

for incompress ib le  f low (P1 0 = 0) and a small perturba-

tion approximation for M~ > 0. The equation is apparently

accurate up to M,~ 0.8.

It can be shown that 4.1 can be sa t is f ied  by var ious

s ingular i t ies  such as sources ,  s ink s ,  doublets,  and for
— p l a n e  f l o w , vor t i c ies .  Since the equation is l inear ,

combinations or distributions of singularities also

sat is fy  the equat ion.  In the surface singular ity method ,

singular ities are distributed over surfaces (usually

corresponding to bod y surfaces) In the flow field. The

singulari ties generate a flow field which satisfies

(4.1) identical ly; the strengths of the s ingular i t ies

(the intensity of the d is t r ibut ion)  are determined by

requiring that the f low f ie ld generated sa t i s f y  the

boundary condit ions (usual ly  tangency at a so l id  sur face) .
- The result  is a Fredho lm Integral equation of the second

kind for the unknown singular ity density function. As 

- - - - - — - - - -V _ _ _  
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developed by Hess and Smith [55], the corresponding

numerical procedure involves distributing source

(sink) singularities in a stepwise fashion over a

piecewise linear approximation (inscribed) to the

actual surface. This resu l ts  in a set of l inear alge-

braic equations with the (piecewise) source densities

ad unknowns as an approximation to the integral equa-

tion. Subsequent improvements have introduced curved

surface e lements ,  double t or combination singularities,

and polynomial s ingular i ty  d i s t r i bu t ions  over each

elemen t [56-58].

To apply the method to the current problem , we

recogn ize that our goal is to calculate the flow on

and external to a prede termined surface in the flow

f ie ld , the surface des cribing the edge of the bou ndary

la yer. This surface is given by

r(z) = R(z) + d ( z )  co - s c~(z )

Ex ternal to th i s sur face , i t is assumed that the flow is

irrotation al and inviscid , thus the flow satisfies 4.1.

Introducing the transformations

z /l-M ,~
’z0

r = r 0
2 

~~~

= V 0

resu l ts  in

0 + ~~~~~~~~~~~~~r ar
1’ aZ 0 ar 0 0 0

~ 

~~~~—~~~~~~~~~~~~~-~~~~~~— 
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•
the “incompressibl e ” form of the equation . The

“ incompress ib le ” ve loc i t i es  are re lated to the compres-

s ib le  ve loc i t i es  by

v +~J v
ZO 0 

= 1 +
V

~~~

.2 1 - + 8
2 cos 0

v ro V8 v— sin 0
o

The “ tS surface ” is first modified by replacing x by x0,

transforming to an “incompressible ” geometry . Next

the “ IS sur face ” is d ivided into n segments and (source)

singularities are distributed in stepwise fashion on

the “5 surface ”. Once these singularities have been

distributed , we can form the influence coefficient

ma trix following identicall y the steps and calculations

of Hess and Smith [55]. In the current method, computer

subroutines adapted directly from a computer program

written at the Douglass Aircraft Company (“EODA ”) were

used. The influence coefficient matrices are written

X~~ and Y~~ and are the z and r components of velocity

induced at the midpoint of the “i ”th surface element by

a unit source density on the “j”th element. If is

the actual source density on the °j”th element, then

the total  induced ve loc i t i es  on the “ i”th  element are

v ~ n
—~-~ 1 = E X .~~ andV 0 / 1 j =l 1

v n
VL2.1 2 E Y~ ao 11 j=l 1~~~ j 

_ T== .- -~~~~~U
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Introduc ing the relationship between the “ incompres-

sib le ’ and ac tual (compressible) velocities:

z x. ~ = cos 8) -i] (4.2)
1=1 1 3 3  1

n VE Y~~a. = 8 sin e)1 (4.3)
1~ l

Now f-) is the ratio of the actual velocity at point i
c o l

on the “‘S surface ” to th e ac tual free stream veloc ity

an d i s hence rela ted to He and £1~ ,* e~ i s the angle of

the velocity vector with respect to the axis at point i

on the “ 5 surface ” . W ith reference to Figure 4.2, no te

that 8 is not necessarily equal to either the body ang le

a or the boundar y la yer flow angle ~ bu t is related to

them by :

8 = a + e (4.4)

No te that is there were no boundary layer , the “5

sur face ” wou ld correspond to the body surface, e would
be zero , and 8 would equal the body ang le a.

Now cons ider equations 4.2 and 4.3. From a previous

boundary la yer calculation , 6(x)(~ 6(z)) i s known , thus

the geometry of the “6 surface ” can be determ i ned an d

the influence coef ficient matrices X and V can be calcu-

lated. At each point on the “ 5 sur face ” , either

(which can be used together with M~ to find V/V Ø~) or~~

* 
Me l+ %-1.M,~ 1/2

1+ xj! 
~~
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(which determ Ines 8 vIa 4.4) has been calcu lated by

the boundary layer method. Equations 4.2 and 4.3 thus

prov ide 2n equations for no ’ s (i rrelevan t to th e overall

me thod) and n of either V/V a, or 8, wh ich provide new

es ti ma tes of Me or ~ for use in a further cycle of

boundar y layer calculations. At any point, I t Is

(theoretically) possible to calculate either Me or ~~~~,

given the other. Note that the variable which must be

calcula ted at a particular point might change with each

(overall) iteration.

All that remains is to construct a method for

solving 4.2 and 4.3 which allows for either V/V~Q or 8

to be determined . Now if all of the 0’ s are known ,

with all of the V/V ’s to be determined , the equat i ons

• •
are linear ; in addition , if (B cos 8) x (equation 4.3)

is subtracted from (sin 8) x (equation 4.2), the result-

ing equation is easily solved for the (n)o ’ s; the velocity

is then easily calculated . This is in effect ident ical

to the applications of the method to the calcu lation of

the flow over specified arb itrary geometries as developed

by Hess and Smi th.

If any of the 8’ s are unkn own (a case which arises

at any point at which we were obliged to use the strong

interact ion boundary layer formulatIon), 2 non-linear

equations are introduced at that point and standard

ma trix methods can no longer be used . In a typical

Ie_ i ________—. — --—.-• •~~
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separated flow calculat ion, 8 will have to be calcu-

lated from the Invlsc id flow equation at several points

so a me thod of solving the mixed set of 2n linear and

non -l inear algebraic equations arising from 4.2 an d

4.3 w i th V/Va known and 8 unknown was developed .

Now 4.2 and 4.3 can be wr itten:

~ ZX~~a~ - V .~ Il-S~ + 1 F~
1
~~(x 1 ) 

= Q
B 

~ (45 )

~~
. 

~Y 1~ a~ 
- V 1 S1 

= F~
2
~ (X~ ) = C) J

where V .~ V/V c,)i
Si sin

j=l.n

= V 1 or S1 j =n+l-~’2n

It was found necessary to use sin 8 as the unknown

ra ther than cos 8 The two are related vi a the square

roo t identity e.g. sin 8 ~/l - cos 2 e or

cos 8 =~~/1 — sin 2 e Cos 8 can be assumed to always

have the positive sign since the external flow is not

expected to flow “u pstream ” ; however , the sign of sin 8

canno t be determined since the flow could have an “up ”

or “down ” componen t. Viewed another way , although we

can alwa ys preassign the proper sign to cos 8, we can-

no t to sin 8 and must rely on the calculations to set

the sign of sin 9.

~ 
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The equations (4.5) are solv ed via Newton

iteration:

~~~~ x~ + 5x~ (4.6)

where

m t5x~ - F j (x~’) (4 . 7 )
3 X X

a n d
— I 

“ 0 0 . . . 0
I 

- ~/ 1 - S~ \o) . . . 0

1 0’ “ S

~~~~~ x~ . 
‘

~~ or 0. .0
8

2 1 3  I 0 o ~~~~~ _ _ _

I ~V~ S~ / / l — S ~ ~
0 . . 0

(4 .8 )

1 
\\ 0 0 . . 0

~ \\
9.r.

S 0 0  \ V 1 ~.

— 
0 0 0 0  0\  ‘ 

—

If V 1 is to be determined , the upper term appears on

the right half of the matrix, i f  S 1 is to be determined ,

the lower term appears. Solution of these equations

proceeds as follows: First is solved from:

L(A ~~
)X~ J -~~

A~~~Y 1~~]6a~ - A F ~~~ (x~~) +A Fc2
~ (x~ )

(a set of nxn l inear algebraic equations)

- ‘ -5 - ’ —  — 5— 5 — 
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where A,~
1
1~ Is the (nxn) diagonal ma trix in the upp er

right hand corner of 4.8 and ~~~~ Is the (nxn) d iagonal

ma trix in the lower right hand corner of 4.8. Then

or 6S1 (whichever is required ) is calculated from

5V 1 (-F~
1
~~(x~’) - i-_

~~ = (-F~
2
~ (x~~) - ~~~

I t was found necessary to calculate ~~ and

us ing the separat e formulations above. This is felt

to be due to the “dom i nance ” of the “z ” direction

over the “r” direction in the velocity .

The develo pment outlined here is equally appl ic-

able to either plane 2-dimensional (non-li fting) or

ax i symmetric geometries. The only difference would

appear in the formulation of the influence coefficient

ma trices and Y .~3
. In this work , si nce the sen i or

au thor was considerably more familiar with the axi-

symmetric method , onl y axisymmetr ic formulations were

programmed.

The “direct —i nverse ” inv iscid flow method out-

lined above was tested in the following manner. An

ax isymmetric body geometry , typical of those used in

the experimental investi gation of nozzle afterbody drag

[45], was spec ified (see Figure 4.3). The inviscid

flow over the body surface was calcula ted by spec i fying 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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the angle everywhere and calculating the velocities.

(Equ ivalent to a standard “direct” problem. ) A number

of po ints in the boattail region were then selected as

“ i nverse po i nts ” and a calcula tion was done in which

the velocities at these points were assigned the values

calculated in the “direc t” calcu la ti on w i th th e angles

to be determined , while at the remaining body points

the angle was again specified . The initial guesses

were

O i O

= 0 at points where 9 is to be determined

V / V~)1 = 1 at points where V is to be determined

i .e.  uniform para llel flow.

The com putation converged to the correct veloc ity

and geome try in 7 lterations .* The iterat ion history

is shown in Figure 4.4. The (possibly limited) ability

to make mixed duc t - inverse  i nv i s c i d  f low ca l cu l a t i ons

us ing the surface source formulat ion was believed to be

ver ified by this calculation.

4.3 The Fin ite Element Method

The finite element method is a numerical technique

that originated In structural analysis , bu t is proving

to be a powerful tool in all continuum problems. In

th e f i nite element me thod , the d oma i n of i nterest i s

div ided into many smaller dom ains or finite elements.

* The values of V/VØ~ and o were obtained in 3 iterations , the values
of 9 converged most slowly.

IlL _ _  ~~~~~~~~~~~~
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Co rners of the elements are known as nodes. The de-

pendent variables of the probl em are approximated by

i nte rp ola ti on func ti ons across eac h e le men t . T he

Galerkin method , a subclass of the method of weighted

res id uals , is used to minimize the error resulting

from use of the interpolation functions in the govern-

ing equations. Assembly of the Ga lerkin equations

from each element results in a global system of al gebraic

equations for the nodal values of the dependent vari-

a b les , which may be solved by standard matrix methods.

A finite element program was developed to solve

invi s cid compressible flows over arbitrary two -dimensi onal

or axisymmetric bodies. Finite difference methods are

by far more popular for this type of problem , but the

finite element method has certain advantages. The most

Ob Vi u U S is the ability of the method to fit arbitrary

geometries by judicious placement of ~he elements, a

necessity in the boundary layer interaction problem .

Secondly, work by Popinsky and Baker [59] indicates

that on coarse grids finite element methods are more

accurate than finite difference methods. Third , the

inviscid compressible flow problem is best formulated

in terms of the potential function for finite differ-

enc e solution. As will be discussed later , the finite

e l emen t solu ti on i s more conven i en tly formulated in

terms of primitive variables. Two unknowns, the velo-

city components, are solved for directly at each node ,
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Corne rs of the elements are known as nodes. The de-

pendent variables of the pro blem are appr oximated by

interpolation functions across each element. The

Galerkin method , a subclass of the method of weighted

res iduals, is used to minimize the error resulting

from use of the interpolation functions in the govern-

ing equations. Assembly of the Galerkin equations

from each element results in a global system of algebraic

equations for the nodal values of the dependent van -

a b les , which may be solved by standard matrix methods.

A finite element program was developed to solve

inviscid compressible flows over arbitrary two -dimens ional

or axisymmetric bodies. Finite difference methods are

by far more popular for this type of problem , but the

finite element method has certain advantages. The most

obvious is the ability of the method to fit arbitrary

geometries by judicious placement of the elements, a

necessity in the boundary layer interaction problem.

Secon dly, work by Popinsky and Baker [59] indicates

that on coarse grids finite element methods are more

accurate than finite difference methods. Third , the

invi sc id compressible flow problem is best formulated

in terms of the potential function for finite differ-

ence solution. As will be discussed later , the finite

elemen t solu ti on i s more conven i en tly formula ted i n

terms of primitive variables. Two unknowns , the velo-

city components, are solved for directly at each node,

5 •5
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and do not have to be computed from den iviti v es of

a veloc ity potential. Finally, the fi n i te element

me thod tends to produce “neat” algorithms that are

easy to program.

The computer program was tested extensively against

anal ytic incompressible solutions. Excellent results

were ob tained for the pressure coefficients on Rankine

ovals and ovo ids, on a so here and a cylinder , and on a

14% thick Joukowsky airfoil. Compres sible results

agreed well with those predicted by compressibility

transformations. The pressure coefficient over a NASA

boatta il model was computed , an d the resu lt s a g ree d we l l

w ith a published finite difference solution [60] over a

range of subsonic Mach numbers.

The invis cid flow program was also coupled iter-

a tively with a Sasman—Cresci integral boundary layer pro-

gram [61], using the classical method of augmenting the

body by the displacement thickness. Results for the

NASA boattail model agreed reasonably well with pub-

l ished data [60]. This work cle arly demonstrated the

ease wi th which the finite element method can be made

to follow a var iable geometry .

Finally, inverse or design calculations have been attempted

In which the invis cid flow program was to be used iter-

a tively to compute the axisymmetric geometry correspond-

ing to a prescribed pressure distribution. Two formu-

—5 . 5 _ 
5 -



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-— ‘ -,-- ----5---—----- .-5------- 

— - .---- .--- -.-• ., ~~~~~~~~~~~~~~

1 00

‘la tlons of the problem were tested , the sole difference

being the boundary condition applied on the non-

converge d body . Only one method gave promising re-

sul ts, but a converged solution was not obtained.

Development of this approach is continuing.

4.3.1 Li terature Review

Incom pr essible ideal flow has been the topic of

many finite element papers. Habashi [10] solved lifting

airfoil problems by mapping the airfoils to near circles ,

then discreetizing the resu lting finite field with trian-

gular el ements spanned by linear interpolation functions.

As a free-stream boundary condition , Habash i a ppl i ed the

asympto ti c form of th e anal y t i c so lu ti on for flow over

a cyli nder. T he c i rcula ti on , and hence the lift , was

solved for directly as a problem unknown. Habashi ’ s

program is effi cient and accur ate, and demonstrates the

utilit y of the finit e element method.

1. J. C hung ’ s notes from th e sho rt course “Finite

Element Methods in Fluid Dynamics ” , University of Alabama ,

Huntsv i l le , 1 976 [62], include complete formulations and

computer programs for two-dime nsional idea l flow using

triangular elements , and for axisymmetric flow using

quadrilatera l elements. Other papers on simple ideal

flows include those by Non e and de Vries [63], Schmidt

[64], Shen [65] and Street [66].
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An excellent paper using the finite element method

for Invi sci d compressibl e flow is Hirsch ’ s com p utation

of turbomach ine through flow [67].

C hung [62] and Heubner [68] have both presented

finite element formulati ons of the full potential equa-

tion. Chung and Hooks [69] have used this type of

formu lation to obtain some initial shock less results for

flow over a small bump, but their primary objective Is

to use an elemen t w ith di scon ti nuous In ter pola ti on

functions to solve flows with shock waves. Chung and

Ch fou have formulated unsteady compressible flow in

terms of the equations of continuity, momen tum , energy,

and state , using pri mi tf v e variables [20]. Using this

formulation , they have solved for two points In the

unsteady boundary layer behind a moving shock wave , with

reasona bl e resul ts.

The most common use of the finite element method

in compressible flow so far has been In the solution of

small perturb at i.a n forms of the potential equation.

Carey solved the Incom pr essible flow over a cylinder

then used this result to obtain a first order correction

(71 ,72]. Leonard used a s imilar method to solve the

su person i c f low over  a P ra~~icI- Meyer expansion corner

[73). Haba shi used the Pr andt l-Gl aue rt s imilarity

form of the potention equation to so lve the flow over

a cylinder [74].

— 5- - -  - - .~~~ 5. ~~ -- “ ,.- S ~~ ~~~~~~~~



-~~-,~~rn5- rw~~--- - .~~~~~~~ ‘ fl -~~~~~~~~~~~~ ‘5-. 5-.... -- -5-.-- - - —
________ —.5--- -- • -..~~- ~~~~~~~~~~ 

- —‘  —
- ~~~~~~~~~~~~~~~~~~~ _ . . ~~~~~~~~~ 

—
~~

—.— -

102

The preceeding references indicate that the finite

elemen t has been applied at least Ini tially to many

com pressible flow problems . However , by no means can

it be said that the method has been fully Investigated .

4.3.2 Formulat ion of Method for Inviscid Compressible Flow

The common forms of the invisc id compressible

continuity equation , z and r moment um equation , and

energ y equation are listed below.

Continuity

~~
— (~ v~ ) + 

~~~ 
(~ v~~) + j -~~~~~~ a 0 (2.4)

z-momen tum

V~ ~~~~~~~~~ 
+ - 

~~

. 
~~~~~~ ( 4 . 1 0 )

n-momentum

v —s + v a - ~~- ~~~~~
. (4 11 )z 3z r 3r ~ 3r

Energ y

• + 
(
~;~

) (V ~,-v~ -v~~) ( 4 . 1 2 )

One consequence of the invisci -d flow assump tion

i s th at the f low mus t remain Irro ta ti ona l , as given by:

3v 3v
- • C) (2 5)

A fter mul t i p l y i ng  the z and r momentum equations

by v~ and v r~ i t is p ossible to use the Identity

-5- 1 5 S .
‘—

~
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~~ dp 3x 1 3x 1

along w i t h  the equations above , to reduce the z momentum

equa tion to the form

~~~~~~~~~~~~~~ 2 { [ (l~~Y )  + 
(y+1) v 2 + 

(•y - l)~ 2]
az 3r r 2 2 z 2 ~

+ ~(l~~r) + ~~-1~ + 
(y+l) v~)

v 3v
+ ~~~ (v~ ~~ v~ 

- 1 )j_.L .~. 2V z V r ~~~ 
} • 0

( 4 . 1 3 )

All veloc ities have been normalized by V~ an d all lengths

by some arbitrary length 9...

Th is equation Is to be solved along with the normal -

ized irrotation ali ty condition:

3v
- .....2 = 0 (4 14)

Equa tions (4.13) and (4.14) are a coupled set of

first order non-linear partial differential equations

for the norma l ized velocity components v~ and No te 
S 

-

that (4.14) is linea r , and that (4.13) is of the form :

l inear terms a M~~* non _ l inear terms

so that as ~~~~ (4.13) reduces to the linear (Incompres-

sib le) continuity equation.

The boundar y conditions are (2.8 - 2.10).

If the direct or analys is problem Is solved , 2.10

becomes

-- ‘ - 5 —5-- —~~~~~
—.--‘~~~=-~~~~~~~~~~~~~

, 

—--- -5 — ----———---S— -----
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V flb V rb ~~~ 9 b - v Zb S I fl 9 b = 0 ( 4 . 15 )

w here U b and V b are the components of velocity on the

body , with the body at an angle 6b measure d counter-

clockw ise from the z-axls.

These equations are said to be in primitive vari able

form , that is, they are still in terms of the quan-

tities of interest, the velocity components. Note ,

however , that the set of equations (4.13) and (4.14)

are fully equivalent to the potential equation commonly

used for inv i sc i d  f l ows .

The pressure c o e f f i c i e n t  is found in terms of the

d imensionless velocity components from:

P 1 1’
1 

- 

2 
w here P = Cl  + ‘ M. 2 ( l - v~ -v~j ]

~~

( 4 . 16 )

In the limit of M
00
-.~0 (incompressible flow), this

becomes:

a - (u 2 +v 2) (4.17)

The finite element fo rmulation of (4.13) and (4.14)

requires that the dependent variables v~ and 
~r ’ 

and

for ax isymmetr ic flow the independent va riable r , be

approximated across each element by interpolation

func ti ons of the form

V~ ~N”zN 
= Q V  + + . . . +

V r ~
2N V rN = 

~~
V ri ~ + + 

~
2
~

V rn (4.18)

r ~~c2 r  •~~~r + c2 r + ... +~~~rP I N  i i  2 2  n f l

-~~~~~~ -- —-~~
-— —-
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wh ere are the i nter pola ti on func ti ons , v ZN~ 
v rN

and r N are values of 
~~ 

V r and r at the PIth node,

and n is the number of nodes per element.

The simples t possible element is triangular,

and has three nodes and linear interpolation functions.

Other elements may have other shapes and h igher order

interpolation functions. Each element in the flow

field gives rise to a n~~ n coeff icient matrix. 
- 

Thus,

l inear triangular elements require computation of a

3 * 3 matrix. Higher order interpolation functions may

increase accuracy, but also require lengthy computa-

tion of large coefficient rnatr ices. Linear triangular

elemen ts assure that the final solution will have con-

tinuous values of the dependent variables throughout

the flow field (called C° con tinuity). Other elements

have been devise d that also assure continuit y of the

first m deriv itives of the variable (called Cm con-

tinuity). With these elements , values of th e va ri ab le

and its first m derivitives must be solved for at the

nodes , Increas ing solution time.

The potential equa tion commonly solved by finite

• d ifference methods is second order , demand ing second

order elemen ts with large coefficient matrices. The

solution must be differen tiated to obtain the veloc ity

componen ts, making C ’l con tinuit y desirable. Both re-

quiremen ts add up to large computer times. 

- 
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The primitive variable formulation given by equa-

tions (4.13) and (4.14) contains only first derivitives,

and so requires only f i r s t  order e lements  w i t h  C° con-

tinuity . To minimize requirements on the interpolation

functions and thereby reduce computer time, the primi-

tive variable formulation of subsonic inv i scid flow was

chosen over the potential formulation.

Iso parametric quadrilateral elements, as s hown i n

F ig. 4.5 employ the same i n te rpo la t i on  f unc t ions  for al l

variables of interest in arb i t ra r i ly  shaped quadr i l a te ra l

elemen ts. They were chosen over t riangular elements

s ince their shape is more suited to a roughly rectangular

flow field , an d since their interpolation functions ,

whi le almos t l i near , Include a cross p ro duc t term tha t

i ncreases accurac y .

Figure 4.5 shows an arbitrar y quadrilateral element. A

non-d imensional or “na tural” coor dinate system (c,n)

is established at the centroid of the element, such that

the coor di nates of the four no d es are 1. Thi s

simplifies the resulting expressions for the interpola-

tion functions. Note that the node numbering must pro-

ceed counterclockw ise around each element. Otherwise,

interpolation functions may take on negative values.

It Is impractical to derive the expressions for

the inter polation functions and their derivit ives here.

Details are a vailable In [62] or [68), and all resu lts

are presented here for convenience.

_ _ _ _ _ _  
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(— 1 ,1)

• 

( — 1  ,— l ) ,l )

(1, - i )
x

FIGURE 4.5 ISOPARAMETRIC QUADR ILATERAL ELEPfENTS.
NON-DIMENSIONAL (OR “NATURAL”) COORDINATES
(c  , ~,) AR E ESTABLISHED AT THE CEN TRO ID OF
THE ELEMENT SUCH THAT THE COORDINATES OF THE
NODES ARE ÷ 1 . THIS SIMPLIFIES THE EXPRES-
SIONS FOR THE INTERPOLATION FUNCTIONS. NODES
MUST BE NUMBER ED COUNTER CLOCKWISE AROUNG THE

E L EMENT.

‘
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In terpolation for any Variable p:

~~~a Q ~~~ ~~~~~~~ +c2 ~~ + ç ~~ ~~~~P I N  I l  2 2  3 3  Ii ’ .

w here

Q a
~~~~~ ( l - t ) ( 1 - n )  ( 4 . 1 9 a )

2 ~~

a 

~~ 
( l+c ) ( l+n)

~ 
( 1 - C ) ( l+n)

It is sometimes conven ient to rewrite (4.19a) in

the form :

~1where

a = ~~ +~~~ + c ~ +~~~1 2 3 ‘. ( 4 . 1g b )
b~~~ - b ~~~ ‘~~~1 2 3 ‘.

c a -~~~ - + ~ +
1 2 3 I.

d = ~~ -
~~~~~~ +~~~ -~~~1 2 3 1’

Deriv itives of Inte rpolation Functions:

The finite element formulation of (6) and (7)

requires first derivitives of the interpolation functions

given in (4.l9a). These are as follows :

• 
* 8~J~ 

(AN + B N C + CN n)

(4 .20a )
a 

~~~~~ 
(AN + B N C + C N n)

~/

where A Ni~ 
8N i’ and CNI are functions of nodal coordin-

ates in the (x,y) system .

---- - 5-- __ _ __ _ __ _ __ _
5- 
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A r -r B r -r C r -r
11  2 1 1 1 4. 3 1 1 3 2

A z -z B z -z C = z •z
1 2  4. 2 1 2  3 4. 12  2 3

A * r -r B • r -r C r -r
2 1  3 1 2 1  3 4. 2 1  1 4.

A a z -z B = z -z C = z -z
2 2  1 3 2 2  ‘. 3 2 2  I. 1 

4 20b
A • r - r  B • r - r  C = r - r

3 1  4. 2 3 1  1 2 3 1  ‘. I

A • z -z B z — z C z -z
3 2  2 I. 3 2  2 1 3 2  1 4.

A •r - r  B • r - r  C ~~~~~~~~~~~4 . 1  1 3 ‘.1 2 1 ‘.1 2 3

A = z -z 8 z -z C = z -z I
‘ .2  3 1 ‘ .2  1 2 4 . 2  3 2 )

The Jacob ian matrix [J] relates deriv it ives in the

local (~
,q) and global (z,r) coord inate systems.

~z 9z
~c ~[J] = (4 .2 1a)
ar ~rac ~n

and its determinant J J I  Is given by

= 1 
~~ 

+ 
~ ~ 

+ 
~ n]8 0 1 2

where are functions of the global nodal coordinates

2 (z -z )(r — r ) - (z -z )(r -r )

a (z —z )(r — r ) — ( z —z )(r —r ) 
(4.21b)

a a (z — z )(r — r ) - (z — z )(r -r )
2 4. 1 2 3 2 3 4. 1

Inte grati on

The Galenk in formulation of (4.13) and (4.14) re-

quires Integration of various functions over the area 
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of an elemen t. The relation between integrations in

global and local coord inates is:

= f~ f~~~ J I f ( c ,~~)dc d~ (4.22a)

Since analytic Integration is often impossible due to

the term J , Gaussian numerical integration is used.

L L

~Area 
z , r)dzdr  Z Z w 4u)k l J l f (c, n) (4.22b)

j=1 k=l

where W j~~k are the Gauss ian  we igh t  funct ions a v a i l a b l e

elsewhere , an d L is the order of the Gaussian integra-

tion , (L=3 has proven to be sufficient).

Galerk in  Formulat ion

Now the approximations for ~~ 
y
r and r g iven by

equa tion (4.18) are substituted into the equations of

mo tion (4.13) and (4.14). In general , the right hand

sides will no longer equal zero ; indeed , they w i ll eac h

equal some res idual. The Galerk in method , a subclass

of the method of weighted residuals, is used to minimize

these res iduals.

The Galerk in method uses the interpolat ion functions

as weig ht functions, and requ ires that these functions

be orthogonal to the residuals over the vo lum e of any

elemen t. Gart llng (75] and Oden [76] have shown that

this method is equivalent to an integral mechanical energy

1.55  
_________ .~~~~~
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balance; so the method has physical significance.

Details of this formulation are unnecessary . The

Galer kin formulation of (4.13) and (4.14) may be written

in the foll ow ing matrix form:

+ G(v ,v)),(D+iE) - M4~
CH (v

zpvr
) + j I (v  ,v)]1[vzl = 0

L A B JL!~rJ
(4.23)

Here, the upper row is the Galerkin fo rmulation for the

compressible continuity equation (4.13) and the bottom

row is the formulation of the Irrotationa lity condition

(4.14).

The terms A through I are each (4*4) coefficient

ma trices given by the following integrals .

= 1A~ N ~~~

•

~~~~

— r3 dzdr

a 
~

~~A ~N ~ dzdr

.rA ~N .5. L. r3dzdr = -

DPI,j 1A ~N ~~~~~~~~ r3 cj zd r = A PIM

‘A ~N~ M dzdr

FNM ‘A~~~ 2 + t’L+li (~~ u )
2 

+ ( ( Y ) (~~~~~)
2
]~~~~

MrJ d z dr -

•

= 2fA (Q Ku K )(~
2Lv L )c2N ii:.!.. r3 dzdr

(4 . 24 con t inued)
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= 1A~~~2 
+ 

~~~~~~~~ 
+ 1

~~
(c2 L v L )

2
]
~ N ~~

MrJd d

M 
= (y—l) [(c~ u )

2 
+ (c~ v )

2
- l] c~ ~2 dzdr

N = 1 ,2,3,4

P1 = 1 ,2,3,4

Th is set of algebraic equations Is non — linear due

to the terms F , G , H , and I. In the incompressibl e limit

of M~ = 0, these terms van i sh  and the system becomes

l inear.

A s i m i l a r  set  of equa t i ons  may be written for each

elemen t in the flow field. Equations from each element

are assembled into a global matrix equation us ing  s tand-

ard techniques available in [62]- or [68].

Din ich ie t  boundary cond i t ions  (spec ifi ed values of

u or v as g iven by equations 2.7 and 2.8 can now be sub-

stituted d i rec t ly  into the g loba l  ma t r i x .  Movement of

known terms to the r ight -hand s ide  makes the r igh t -hand

s ide non-zero  and the equat ion  set n o n — s i n g u l a r .

Neumann boundary conditions (e.g. the tangency con-

d ition given by equation (4.15)) are applied via LaGrange

mul tipliers. Details may be found in [62] or [68].

The tangenc y constraint is applied at each node on a

bod y, giving rise to extra equation for the LaGrange

mul tiplier at each body node. Physically, the LaGrange

multiplier represents the “energy ” required to hold the

Ne umann boundary cons t ra i n t .  Practically, the va lue  o f

the multiplier is useless.

‘
.5 - - ’ -
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Iterative Solution of the Non-linear Algebraic

Equations

G a r t l i n g ’ s w o r k  w i t h  a primitive variable form of

the Navier-Stokes equations [75 ,77) lead to the fo l low-

ing i t e r a t i v e  scheme for so l v i ng  the non- l inear  a lgeb ra i c

set (4.23)

rC_M
~,
CF(v

~~~ ~~~~ 
) , (D+JE) - M~,[H(v~~

1 ,v~~
’ 1v~ =

+ jI(v ‘ ,v~~~ )] 
~

[ A  ‘ B  L~
(4.25)

where the superscript ( ) fl re fers to the i t e ra t i on  number.

For the f i rs t  i t e ra t ion  ( n= 1) ,  the non —linea r terms F , G ,

H and I are set to zero , and the resul ti ng li near se t i s

solved us ing a Gauss-Jordan scheme for banded matrices.

T hus , the ri=l solution is the incompress ib le  so lu t i on ,

w hi ch i s al ways useful for compar i son .  In subsequent

iterations , the non - linear terms are calculated from the

prev ious (n—I) va lues of u and v.

The solu tion is considered to be converged when all

and all v~ -v~~
1 are less than 0.0001 . This

invariably occurs In 3 or 4 iterations, unless the flow

goes locall y supersonic, in which case the solution

almos t never conver ges .

_____ -- :~~~~~ .—. ‘~~~
--- ,
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4.3.3 Results

In each of the following example s, an au toma ti c

mes h generation subro utine was used to simplif y inp ut

to the program and to m i n i m i z e  the band w i th  of the

resul ting equations. As shown in Figur e 4.6 this sub-

rout ine installs nodes along vertical columns and along

roughl y parallel rows . If the number of nodes per

column is designated Nr , the number of nodes per row

i s Nz , and the numb er of nodes on the body is NB , then

the total number of nodes is NzxNr , the number of ele-

men ts is (N z_ 1)*(Nr_ 1), and the number of equations

solved is 2*Nz*Nr+N80

All com puter times given below are for an IBM 370/158.

Sp here

Flow over a sphere was computed on a 9*27 node

grid. The resulting incompressible pressure coefficient

is shown in Figure 4 .7  (circles), compared to the exact

solu tion (solid line). The compressible solution at

= 0.5 (plus signs) is compared to the Gothe r t ’ s ru le

compress ibility correction (dashed line) on the same

plot. The solutions are good near the s tagnat ion  region ,

but worsen near the peak of the sphere where the finite

free stream boundary has the most effect. Computer

ti mes were 22 seconds for the i ncom press ib le  so lu t ion ,

and 1 49 seconds for the compre ssible solutio n. The

compress ible solution requ ired 7 iterations since the

flow ap proached the critical Mach number of M~ = 0.57.
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AND M~~ O.5 (4.7), AND ON A CYLI NDER AT M = O  AND

0.38 (4.3).
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Cyl inder

The arid used for the sphere was also used to

compute the pressure coefficient over a cylinder , as

shown in Figure 4.8. Agreement with the analytic solu-

ti on Is s i m i lar to tha t of the s phere , but slightly

worse. This was expected , since the two-dImensional

cyl inder represents a larger flow disturbance than the

ax isymmetric sphere. Computer times were 22 seconds

for the Incompressible solution and 110 seconds for the

0.38 solution (5 iterations).

Rankine Ovoid

FIgure 4.9 compares the calculated and exact pres-

sure coefficients on a 3.16:1 aspect ratio axisymmetr ic

Ran kine ovoid. At M = 0, the finite element solution

(circles) and the exact solution (solid line) agree

almos t exac tly . A t M~ = 0.6, the finite element solution

(plus signs) compares well with the Gothert ’ s rule com pres-

sibility correction. A 10*29 node mesh was used over the

qu arter body . Incompre ssible and compressible solutio n

times were 29 seconds and 120 seconds respectively.

Rank i ne Oval

Figure 4.10 compares the calculated and exact pressure

coefficients on a 3.16:1 aspect ratio two-dimensional

Rankine oval. It should be noted that the body profile

‘Is no t the same as that of the ovoid mentioned above.
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T he fi n it e elemen t i ncom p ress ib le so l u ti on (c i r c l es )

an d t he exac t so lu ti on (sol id li ne) com pare wel l , except

in the region of peak negative pressure, where grid

spacin g may have been too coarse. A 9*29 node grid

was used over the quarter body. The M~ = 0.6 solution

is also shown (plus signs). Computer times were 25

seconds a t M,, = 0 and 123 seconds at M = 0.6.

14% Joukowsky Airfoil

The fin it e elemen t p ro g ram has been use d to so lve

for the flow over a 14% thick symmetric Joukowsky airfoil

at M4,, = 0 and = 0.6. Fi gure 4.11 shows the exact

pressure coefficient (solid lin e), the incompressible

finite element solution (circles), the M~, 0.6 finite

element solution (plus signs), and the M = 0.6 Gothert ’ s

rule com pressibility correction to the exact solution.

Both the incompressible and compressible solutions show

excellent agreement with the analytic solutions. The

onl y error is again in the peak negative pressure region ,

probably indicating inadequate mesh spacing. The mesh

cons isted of 7 node rows by 37 node columns , for a total

of 259 nodes (13 on the body). This amounts to 216

elemen ts and 531 simultaneous equations. The incompres-

sible solution took 21 seconds, and the M 0.6 solu-

$ 
tion took 83 seconds (4 iterations). These times are

not out of line with finite difference methods.
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Ax isymmetric Boattai l Model

C how , Bo ber and Anderson [60) published experi-

mental data and finite difference calculations for the

pressure coefficient on a NASA axi symmetric boattai l

model . Figure 4.5 shows the 8*53 node finite element

grid used to re-compute this flow In the present study .

Figure 4.12 shows the incompressible finite element

solu ti on (so l i d li ne) com pared to a sur face source me th od

(dashed line). Qualitative agreement is good , but

quantatively there is some disagreement in the results.

It is thought that this is due to the finite location

of the free-stream boundary . This boundary is 30 body

radii away, but only 1.6 body lengths (excluding the

sting) away. A compressible M~ = 0.8 solution is also

presented (circles).

Boun dar y La yer Cou p li ng

Sasman an d Cresci ’s com p ress ib le tur bulen t boun dar y

layer program [61) was coupled iteratively to the finite

el ement inviscid flow prgoram using the classical method

of augmen ting the body by the displacement thickness.

Br iefly, Sasman and Cresci reduce the Integral

momen tum an d momen t o f momen tum equa ti ons to an “ i nc~mpres-

sib l e ” form via a Mager type transformation. They use

power law velocity profiles and the Ludwe lg-T ill m an

sk in friction correllat lon . Their dependent variables

- —-5 - - 5
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are the momentum thickness 8 and the shape factor

H = 6*/8 , where 6~ Is the displacement thickness.

C h ow , Bober and Anderson [60] used this method for their

boattail work at Mach numbers from .56 to .9, with good

results at all but the highest Mach number.

Figure 4.13 compares the pressure coefficients over

the boattail model at M~, = 0.8 calculated by the inviscid

method alone (circles), and by the inviscid/viscous inter -

action (solid line).

Figure 4.14 is an enlargement of the boattail region S

from Figure 4.13 compared with the results of Chow , Bober

and Anderson [60]. The f in i te  e lemen t / Sasman-Cresc i

method underestimates the pressure coefficient in this

region. It should be noted , howeve r , that the finite

element grid for this pr oblem was 8 nodes high by 53 nodes

long, while the grid used by Chow , et a l . was 26 no d es

high and 101 nodes long. Furthermore, C h ow , Bo ber an d

Anderson used an infinite -t o-finite transformation on

the flow field in the r direction , while the present study

use d a finite free-stream boundary . Chow , Bo ber and

An derson ’ s finite -difference interaction problem took 7

minutes on a CDC 6600, while the f in i te  element method

took 13 minutes on an IBM 370/158.

4 FInally, Figure 4.15 compares the displacement thick-

nesses in the boatta il region calculated by Chow , et al.

and by the present study. The disagreement is undoub ted ly

due to discrepancies in the Inviscid solutions.
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FIGURE 4.14 COMPARISON OF FINITE ELE~’1EMT AND FINITE DIFFERENCE
SOLUTIONS FOR THE PRESSURE COEFFICIENT ON A NASA
BOATTAIL MODEL AT f4 ,,= 0.3. BOTH ARE SHOWN WITH AND
WITHOUT BOUNDARY LAYER INFLUENCE , CALCULATED USING A
SASMAN—CRESCI TURBULENT BOUNDARY LAYER DECK. - 
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~~~ .O4 . /

.90 .92 .94 .96 .98 1.00 Z

FIGURE 4.15 DISPLACEMENT THICKNESSES ON THE BOATTAIL CALCULATED

USING SASMAN-CRESCI TURBULENT BOUNDARY LAYER

METHOD
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4.3.4 Design or Inverse Problem

Inverse boundary layer cou pling requires that the

inviscid flow method be capable of determining the edge

angle 8 g iven the edge Mach number Me or the total edge

velocity V e~ 
This problem is roughly equivalent to the

classic des ign problem In which a body geometry Is to be

determ ined from a specified pressure coefficient C i,.

Design calculations were attempted with the finite

elemen t pro gr am us i ng th e fo l l ow i ng it era ti ve sc heme .

An initial guess is made at the body geometry , and

hence the edge ang le 8. Assum ing that the flow follows

the initial geometry , the pressure coefficient , ed ge

Mach number , or to tal edge velocity may be algebraically

resolved into y
r and ‘i~ veloc ity components on that body . 

-

In an anal ysis problem , the Neumann boundary condi-

tion of flow tangency is applied on the body . In the

inverse or design problem , that condition is replac ed by

a Dirichiet boundary condition in which one of the two

veloc ity components, either y
r or 

~~ 
is specified on the

In itial geometry . The finite element method solves for

the other component.

Since the geometry guessed initially probably does

no t correspond to the desired distribution of C~ , Me i or

V e~ 
the velocity component specified and the velocity

com ponent solved for wil l not satisfy the requirement of

flow tangenc y. Physicall y, the solution represent s a

body with blowing or suction , which displaces the stagnation

-
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streamline from the guessed body .

The displacemen t of the stagnation streamline may

be used as a basis for updating the guessed geometry .

L. A . Car ison [47] developed a finite-difference design

me thod. In his work , he found the location of the stag-

nat ion streamline by integrating the expression

vdr r
dz V~ Guessed Bod y

then used the location of this streamline as an updated

bod y geometry for the next iteration.

1. L. Tranen [46] developed a design method that

used a more complex update techni que. This technique was

based on adding to the guessed body a kind of displace-

ment thickness of sufficient height to exactl y carry

th e norma l mass f low resul ti ng from th e b low i ng or

sect ion.  Dur i ng the course o f the p resent s tudy, it was

discovered that certain terms in Tranen ’ s sc h eme were

insignificant , so that his update scheme reduced numer-

ical l y to Car i son ’s.
One advan tage of the fin ite element method over

finite difference methods in this problem is that inter-

polat ion functions are available for the terms and

v~ . Hence , the differential equation for the upda ted

geome try can be evaluated ana lytically from node to

node.
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I nitiall y, a sma l l region of the bo attai l model

was to be “designed” from a specified pressure dis-

tribution determined from a previous finite element

analysis. To test the method , the exact corresponding

geome try was input as the first guess.

When the v~ ve loc it y com ponen ts were a pp l i ed as

the Dir l chlet boundary conditions on the region to be

“designed” , the finite element method behaved unstably

and returned a physically unrealistic flow solution.

No explanation is currently available for this phenomena ,

except that the method is numerically unable to handle

this particular boundary condition.

When th e V
r 

velocity components were specified , the

method returned the correct solution for the v , co mpon-

ents . Thus, this approach appears promising. When the

Initial body guess was not the body corresponding exactl y

to the specified pressure, the method still retu rned

reasona b le va lues  o f V 2 
in the region to be designed .

However, the update scheme tended to diverge from the

true body.

Conclusions

Experience with the fin ite element formulation of

inviscid compressible flow in p rimitive variables m di-

cates that the anal ysis method Is both fast and accurate .

The ab i l i t y  of the method to con form to arbitrary bound-

IL _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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ar ies Is a major advantage over finite difference

method e In the analysis problem and particularly In

the Iterative problem of boundary layer coupling. For

the Inverse or design problem, the method appears promis-

i ng, but further investigation is needed.

Recommendations for Further Research

Further researc h should be conducted on use of the

finite element method as an invi sc id flow solution tech-

n ique. The method should be tested on finer grids and

fas ter mac hi nes .

The problem of a finite free-stream boundary could

be overcome using an Infinite-to—finite transformat ion

of the r-coord lnate. This approach was used by Chow ,

et al., In their finite difference boatta ll study [60].

Habas hi developed a semi-In finite boundary el~~ien t [74]

that appears to be more consistent w ith the present work.
-

~ Con vergence problems of the desi gn or inverse method

nee d to be explored and eliminated , so that Inverse

boundary layer cou pling may be tested in fully compres-

sible flow.

Finally, extensions of the analysis method to lift-

ing surfaces and three-dimens ional bodies would be highly

d es 1rab~ e.
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5. CombIna tion of the Boundary Layer and Iri v -fscid Flow

Me thods Into a Complete Separated Flow Prediction

Method

Of the invisc id flow -methods discussed in Chapter 4,

only the surface source method has thus far been developed

to the point of being ready to comb ine with the (successful)

boundary layer method of Chapter 3. In thIs chapter , exper-

iences with the attempt to combine the two methods will be

repor ted.

5. 1 Flow Geome try Selec ted

The flow geometry which was selected for the at-

tempts at a complete calculation of a flow exhibiting

S 

separation is shown in Figure 4.3. Separation is ex-

pec ted to take place on the boatta il , w ith subsequent

rea ttachment on the sting. This geometry Is typical

of that employed to study nozzle afterbod y drag and

cons iderable effort has been expended on research into

the develo pment of an adequate method for calculating

j the flow over such a body [6,45,60] with a v i ew to

analyti cal predictions of afterbody drag. The separa-

tion bubble occur ing In such a flow Is relatively thin

and shor t and may be expected to be steady. It was

assumed that the surface was smooth. Air at a free

stream reference Reynolds number (c 0/~ 0) of 1.7 x lO 6’)~~
was assumed to approach the body at Mach numbers of

b.— .5 —
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0.5 to 0.8. It was expected that separation would

occur earlier a t higher Mach numbers; this was veri fied

by the c a l c u l a ti ons.

5.2 Geome tric Problems Involved in Combining the

Boun dary Layer and Inviscid Flow Methods

Severa l details must be worked out in order to

successfull y combine the methods and ma fr-~ Iterative

calcula tions. The source of most of the trouble is

due to three items:

(I) The boun dary layer method is formulated

in a coord ina te  system pa ra l l e l  to and

perpend icular to the body surface, while

thf inviscid flow procedure is formulated

in a coordinate system with axes along an

axis of symmetry and perpendicular to it.

(2) The boun dary layer thickness is added on

perpendicular to the body to define the “6

surface ” . The “edge Mach number ” Me and

LI angle ~ at a surface po int x are actually

the values above z(x) +~~~ a d i stance of

d cos ~ (see Figure 5.1). *

* The assum ption tha t dominant cross stream coordi !,~ te
“y ” is perpendicular to the surface is of less valid ity

¶n the neighborhood of separation , however , It is
nevertheless retained .

- . 5  —5 - -  - — —
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(3) The add ing of a finite 6 perpendicular to

the sur face resul ts In  an “overlap ping ” of

the S surface in the immedIate vicinity of

a concave corner such as the boat tail-sting

juncture.

The latter two of these items are a consequence

of the first. Item (2) Is simply handled by the trans-

formation

Me(x~
d) 

~
4-5
~

Me(z+~
z,R+L

~
r)

_______ ~1 ~. _______

“Bounday Layer “Inv iscid Flow
Coordinates” Coordinates”

where

5(x) sIn c t ( x )

~r 6 ( x )  cos a(x )

S from the most recent boundar y layer calculation is used.

Item (3) is mo re complicated since It involves a

physically impossible situation. Nakayma et al. [9]

introduced a method of overcoming a similar dif ficulty

by def ining a triangular control volume with the concave

corner at one vertex and with sides perpendicular to the

upstream and downst ream surfaces. The boundary layer

equa tions are solved up to the Inlet face of the control

volume and terminated . The calcul ations are restarted

at the downstream face with parameters de termined by r~ass
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4.

* and momen tum balances for the control volume. A

s imilar method was investigated for the present

purposes , employing a control value composed of two

• congruen t triang les as shown in F igure 5.2. This

approac h was finally considered too compli cated and

time consuming for the accuracy gained . The treatment

finally emplo yed simply mar ches the boundary layer

calcula tions through this region (the ‘‘corner ” Is no t

reco gnized In the surface oriented boundary layer coor-

d inate system). Points in the region of interference

(that is points between the tail location , z1, and

S ifl are simply discarded when transforming

to the Inv i sc- f d flow geometry . In this way, a smoo th ,

con ti nuous “6 surface ” was def ined .

5.3 The Itera tive Procedure and Initial Guesses

Be’ause the boundary layer equat ions are parabolic
*

and the inviscid flow equations are elliptic , s im ul-

taneous solu tion of the boundary layer and inviscid

flow equa tions is not pos sible (as it is in supersonic

separated flow calculations [35-37]) and Iteration

between a complete boundary layer calculation and a

complete inviscid flow calculation must be employed .

The cr itical variables of the iteration are the fluid

* Thus preserving the well known elliptic nature of

the separated flow problem .
-1
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Bisec tor of

Corner Angle

Edge of

- 

Boun dary La yer

FIGURE 5.2 CONTROL VOLUME FOR CORNER FLOW
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velocity (or Mach number) and angle along the boundary

between the viscous (“boundary layer ”) region and the

external invis ci d flow region. The calculation pro-

cedure in each region calculates “new ” values for one

of these variabl es at each point , which is handed to

the procedure for the other region where the opposite

variable is updated and so on until convergence Is

achieved.

There are several possibilities for starting the I -

calculations. The most obvious is to first calculate

the inv i scid fl ow over the body assuming there is no

boundary layer (a “d irect” or anal ysis calculation) and

then use the pressure (velocity ) distribution thus

calculated as input to the boundary layer method to

upda te the geometry , etc. Another obvious alternative

is to first calculate the boundary layer on the body

assuming no “effect” of the inviscid flow , that is

calculate the boundary layer under the as sumption of

constant pressure and then use the calculated edge

angle and “6—surface ” as input to the Invi scid flow

method and so on. In actual practice these approaches

are essentially identical; th~a “constant pressure ”

boundary layer does not sig nificantly modify the body

shape so that the “bare body ” pressure distribution

resul ts from the inv i scid calculation in the second

case. Thus in either case, the calculations “start”
‘
~
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w ith a press ure distribution essentially id entical to

the value for the compl etely inviscid flow , and the
first significan t pro blems develop in the boundary

l ayer routine.

The boundar y layer calculations are started in the

weak interaction mode and continue in this mode up to

a pos ition about midway down the boattail , w here a

(typical) sharp rise in 6, 5*, H, and ~ occur.  These

are of course an indication of impending boundary

la yer separation. As soon as one of the criteria of

equation s 3.34 are satisfied (typically both are satis-

fied at the same calculation step), th e ca l cu la ti ons

switch to the strong Interact -ion mode. A major problem

is i mmediately encountered In that the strong inter-

action mode, G is required as input, with Me to be cal-

culated ; thus a ~ distribution must be assumed to con-

tinue the calculations. In order to obtain a realistic

boundary layer calculation , the e distribution must be

rea l istic. The distribution must have the general

shape shown in Figure 5.3. The rapid Increase of Q

associated with separation must be maintained for a dis -

tance but the value of G must not be too large or numer -

Ical problems w ill occur. In order to “ turn ” the flow

back toward the sting and “force ” a reattachment C)

must decrease and a ttain negative values. As the bound-

ary layer is expected to redevelop in typical fashion

—-5 ----- --5— - - - — -— --S-S-- - .5--- - - -- ------ - — - - -- ---—
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after rea ttachment, an eventual return to positive (small)

e values is anticipated. After a considerable amount

of “cut and try ” , the followin ;- procedure for con-

structing a trial 0 distribution was settled on. Presz

and P itkin [6] have shown that , for flows separating

from boa ttai led afterbodi es the reattachment point can

be approx imately located by extending a straight dividing

streamline from the separation point to its intersection

with the sting. The ang le this line makes with the body

sur face a t se para ti on i s a func ti on of t he local  Mach

number. Using this method , an ap p rox i ma te rea ttachmen t

point , ZR~ 
is determined.

In order to obtain a realistic (increasing) 0

d istribution downstream of separation , it is assumed

that, up to the boattail - sting junction , the velocity

vec tor i s para l le l  to the ax i s of symme try , thus 0 is

the negative of the body slope and reaches a maximum

(in this case about .6 radians) above the boattail - sting

junction. Downstream of this point, 0 varies according

to -

~ 
•O [(5 CO S  [

~ (~~
—__--

~
-
~~

)] + 1)16] (5.1)

Thus 0 Is a m inimum at the estimated reattach ment point.

When 0 reaches a value of zero downs tream of ZR) 0 is

con tinue d at zero.

____________ 
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This distribution of 0 is sufficient to continue

calculations downstream of the point where the switch

from wea k to s tr on g i nterac ti on occurs ;  however , the

va lues of 0 calculated by the weak interaction formula-

tion at the last few stations before the switch are

usuall y too large; often larger than 0 max. Those values

of 9 wh ich are greater than 0.3 radians are replaced by

v al ues com puted from a secon d order curve fit between

0 = 0.3 and the initial value of Q(=-a) at the switch

point.

Having completely specified 0, ca l cula ti ons are

continued in the strong interaction mode; typical re-

sul ts are shown in Figure 5.4. At some point fol-

lowing reattach m ent , the conditions of equations 3.35

are satisfied and the calculations are switched back to

the wea k i nterac ti on mo de (M e specified). The values of

Me needed to continue the calculation are available from

the previous (initial) inviscid calculation; however ,

I t  usually occurs that the last Me computed from the

strong interaction mode is not equal to the inv i scid

value at that point so a discontinuity results. This

is removed by an exponential fairing between the last

s trong i nterac ti on va lue an d th e va lue o f Me five

boundary layer thicknesses downstream. Calculations

are then continued to the tail of the sting far downstream.

The results of the boundary layer calculation are

a se t of values of 6(x), “ new ” va lues  of 0(x )  a t po i nts

-
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where weak interaction calculations were made, and

“ new ” v a l u e s  of Me(X) at points where strong inter-

action calculations were made. The inviscid flow pro-

cedure is now set up to find “ new ” Me
’ s for the weak

interaction points (from the newly calculated 0’s)  an d

“ new ” 0’s for the strong interaction points. The “6

sur face ” is constructed and the equations for the re-

q u i red Me and ~ (actually V/V~Q an d 8) values formulated ,

as outlined in Section 4.2. As an initial guess to

start the Newton iteration of equations 4.6 - 4.8, a l l

sou rce  s t ren gth s a r e se t eq ual  to zero , a l l un known

edge velocities are set equal to the free stream value

( V /V ,,,, = 1) and unknown angles (8) are set equal to zero.

At this point, the method breaks down. All complete

calculations attempted to date have failed to converge

in the Newton iteration in the inviscid flow program.

Characteristically , the failure to converge is dominated

by the following problems:

The values of sin 8 computed at the “ strong inter-

action ” points tend to oscillate between positive and

negative values from point to point and iterations to

iterations. If not strongly controlled , the values of

s in 8 will exceed 1.0. (See Fiqure 4.4.)

The cycle to cycle error (monitored by the average

c hange of eithe r V/V ,,~)1 or s i n o)~ between iterations

decreases to a minimum of about 4 iterations then in-

—.5- ~~~~~~~~~~~ _~~~~~~~~~~~~~~~~ _ _~~~~~ _ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



__ ____S~_~~~~~_._5-5___5-__,~, _ _ -

145

creases. The relat ive minimum error Is rather large.

S 
The “ s o l u t i ons ” In the ne ighborhood of switch points

are discontinuous.

Several “obv i ous ” remed ies to alleviate this be-

havior were tried ; these include:

(1) Undercorrect lon using only a portion of the

new y calculated (from the boundary layer

method) 6, Me) 0 comb ined with the previous

values e.g.

• 6new * ~ 6o l d  + ~ 6new

(2) “Smooth ing ” of the S surface and the Me) ~
distributions.

(3) UsIng the flow over the “bare body ” or the

(assumed sol id) “6 surface ” as the Initial

guess for the Newton iteration.

None of these “fixes ” was observed to improve the situ-

a tion.

A possible explanation and resolution of the prob—

1cm Is as follows. By considering - the boundary layer

calculation method , one may conclude that although calcu-

latlons are possible , one must tread a very tortuous

pa th to make them . In developing the boundary layer

me thod, It was assumed that whatever was needed to con-

tinue could be obtained I.e. mode switch was possible

where necessary , singularities were carefully avoided , etc.
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Using measured da ta with the boundary layer method

ver ified its ability to make calculations if “good ”

informat ion Is av ailable as input. In a complete calcu-

l a t i o n , since all liberties have been taken with the

boundary layer method, the inv i sc id flow method must

take up the slack, making exactly the calculations re-

quired by the boundary layer met hod. We cannot “p lay ”

with the inviscid routine to find out what types of

boundary conditions are most efficient or acceptable at

var ious points.

It is still felt that the method is capable of

making complete separated flow calculations but that

the inviscid flow method will converge only if called

upon to “ improve ” Me or 0 v a l u e s  wh i ch a re  c lo se  to

ac tual values; in other words, an initial guess close

to the final result must be provided . Two methods are

suggested for providing this initial guess. Firstly, a

semi-em pirical approximate method of estimating the flow

parameters (especially pressure distribution) such as

those proposed by Presz and Pi-t kin [6] or Kuhn [78]

could be used to genera te an Initial guess for the pres-

ent method.

Secondl y, an Interactive computer terminal , hope-

fully wit h graphics capability , could be em ployed . The

“man in  the  loo p ” could postrate various reasonable

Init ial guesses until one which allowed ca lculations to

proceed is found.

~



- — -- — ~~~~~~~~~~~~~~~~~~~~~~~~~~ -- —

147

At the time this research was carried Ou t, the

latter poss ibility was not available to the authors.

Toward the end of the project, attempts were made to

persue a method of the first type, similar to the method

of K u h n , in which a polynominal di stribution of e is

assumed in the strong Interaction region , with coef-

ficients selected in order to minimize the deviation

of the calculated edge velocities from the prescribed

values. No forma l procedure for constructing the poly-

nom inal approximation to minimize the deviation was

programmed; efforts to select a set of coefficients by

“ cu t and try ” were finally abandoned as t~o time con—

sum i ng

A t the present time , it is hoped that the finite

element procedure, still under development, will be capable

of combination with the boundary layer method for a corn—

ple te calculations routine.
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6. Conclusions and Recommenda tions for Further Research

The following are considered to be the major accomplish-

men ts of this work and conclusions that may be drawn from it.

(1) The strong interaction formulation is a viab l e

framework for separating boundary layer analysis.

(2) The “boundary layer equations ” are adequate

representa tions of the flow in the viscous region.

(3) It is possible to develop a general integral

method for solv ing the boundary layer equations

in cases involving flow separation.

(4) Simple al gebra ic (non—e quilibrium) turbulence

models are adequa te for use with such a method

and the effects of “ norma l s t resses ” , both in

the mean flow equations and in the turbulence

model are no t significant.

(5) The integral boundary layer method is especially

prone to the appearanc e of “singularities ” .

These singularities are usually mathematical

rather than physical and smooth passage through

them should not be a forced condition on the

anal ysis. The singularity can usually be avoided

by swi tching between the “strong ” an d “ weak ”

in teraction modes of calculatIon.
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(6) The integral method probably does not offer any

advantage over a finite differenc e or f i n i te

elemen t formulation in terms of ease of formula-

tion, ease of programming, and computa tion time.

The advantages of the method thus li e in the fact

that the desired interaction parameters (Me t

0, 6) are explicit In the formulation , and it

seems rather forgiving In terms of the turbulence

model employed.

(7) Ex perience with the method of Integral relations

for the inv iscid flow indicates that the method

is too complex and several of the required steps

too artificial for the method to be given serious

consideration.

(8) It Is possible to develop an a priori “inverse ”

1 or “des ign ” calculat ion procedure for Inviscid

flow over ax isymmetric bodies using the surface

sIngularity method.

(9) The ab ility to make complete a priori separated

flow calculations is apparently restricted by the

need for initial guesses close to the final answer.

(10) The finite element method is a viable alternative

to the finite difference method for computing

compress ible (non-linear) flows in the “d irect”

or “analysis ” mode and can be successfully corn-

bined w ith boundary layer calculations via

- “displacement thickness ” Interactio n.

-— —~~~~~~~ =- - — - 5 5 --  - _ - - - 5 ;- . 5---- —  .5-rn -- -— - -
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(11) Problems still remain in the development of the

finite element approach to the “inverse ” or

“design ” p roblem of inviscid flow.

The follow ing are recommendations for further work

suggested by the results of this study.

(1) The development of an “inverse ” finite element

proced ure should continue.

(2) A procedure suc h as that of Presz and Pltk ln [6]

Kuhn [78] should be incorporated to obtain an

in itial estimate of the flow parameters, which

can be improved by the present method.

(3) Apparentl y, the use of curved rather than straight

body elements, polynominal rather than uniform

singular ity distributions, and combined singular-

ities rather than simple sources offers consider-

able Improvemen t in the speed , stability , and

accu racy  of the sur face source  me th od , especially

for the design problem [56-58]. Acco rdingly,

such Improvements should be introduced into the

curren t method.

(4) “Dis pla cement thickness ” interaction , esp ecially

in the strong Interaction calculation (~ * rather

than 0 specified in the boundary layer equations)

should be Investiga ted for the present program.

i:

-~
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(5) A finite element formulation of the boundary

la yer flow should be investigated. In this

(differential) framework , the alg ebraic turbulence

model should be compared w ith one and two equa-

tion models.

(6) FinIte difference models of both the boundary

layer and inviscid flow , retaining the strong

interac tion formulation of Chapter 2, should be

investigated .

- -5 5 5— - -5-—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -— -5— -- - —~~~- - -- 55- -



—-55 -_ _  rr r~~~~~ — 
- - -

- - - - - -

152

APPENDIX A

Below , the various derivatives of the velocity profi le

equations 3.5 and 3.7 are tabulated.

aa 4a2
~ (y-1)RF Me

.
~j.... z (y-l)RF Me($

2_l)r z

+ ( -l)M 2 RF( — l)M 2
= /M [1-9/4 e 

- 
e

~
Me e 1 +i~_L M~ 1 + RF(1j.L)M~

6~ + (y—l )M2 RF(y’ .l )M2
= S /M~ [l~ 9/4 1 +XjIM~ 

~~~~ 1 +RF(XjJ_)M~~

* /l-a~~~ [
~ ln (l+ y~ ) + B - (1 .5y~ + B ) e~~~

8
~
’ ]

= /l-a~~~ [~ ln (1+ 6k ) + B - ( 1 .5 6k + B ) e ~~~
86 ]

+

a - /l_ a 2
~
2 C~

. 
~ u3 s i n  (~~~~

s
~~~~ 

) cos ( )]

+IL ~ 6~ S

- -



- —.5 —-5 ‘~~~
-- - ~~_S_S____ •_-5__ __ -5. —5 

~~55-5 ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.•-—

~
- -- — -k( -~~~ -~

-S
~~s~~~~~~ —

153

z /l-a~~~ C ~ 
-
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+ .1 8Xe~~~
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+ + .l8e 8
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+ 
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c d .
R5 * L.. (compressible flow)

For incompr essible flow , a a 0, all derivatives with

reSpect to a are 0 and

V S
R

VçJ0
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L ist of Symbols

a flach number function defined in Appendix A

B “Law of the w a l l ”  cons tan t
c Speed of sound

Cf Sk in friction coefficient Cf r
~
/J2. ~~~~

F Ratio of shear to normal stress turbulence produc tion

H Boundary layer form factor H d~/O

H k Boun dary layer form factor Hk 
a

j = 0 for plane 2-D flow , * 1 for axisymmetri c flow

I J I Jacobian determinant

M i x i n g  l e n g th

M Mach num ber

P Pressu re

q Turbulence kinetic energy q 2 U 2 + v 2 + w 2

R Body rad ius

r Ra dial coordinate; density ratio 
~‘~~e

Long itudinal radius of curvature

RE Recovery f a c t o r

R Reynolds number R _.L...
S S

I Tempera ture (a bso l ute)
u Velocity parallel to body surface

u~ Friction velocity u~ 
a

“Wake ve loc i ty ”
v Ve loc i ty  perpendicular to body surface -

y r Ve loc i ty  component in radial d i rect ion

- 
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v 2 Veloc ity compon ent parallel to axis of symmetry

V Total veloc ity v = U 2 + v 2 v~ + v~
x Coord inate parallel to body surface

X~~ Influence coe fficient matrix for

y Coordinat e perpendicular to body surface
+

S y y u
~
/v
~

Influence coefficient matrix for

z Coord inate parallel to axis of symmetry

Body slope (angle)

8 Boundary layer equilibrium parameter

y SDecif ic heat ratio

S Boundary layer thi ckness

6* Displacement thickness S (1 - ~~ ) dy
* e e

F 6k “K inematic displacement thickness ”

I~ (1 - u/U e )dY 
-

Kinematic eddy viscosity

Dummy variable of integration

n Iso param etric element coordinate

6 Angle of velocity vector with respect to z axis;

momentum thickness B f~ PU/ Q
e

U
e U

~~e
)
~~

Angle of velocity vector with respect to body surface

k von Karman constant

X S k i n  f r i ct i on pa rame te r  A C f/IC f I

Dynam ic viscosity

v K inematic viscosity

y/d; isooarametr ic element coordinate
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Dens i t y

Surface source density

Shear stress

t L Lam i n a r  s h e ar  s t ress

t t Reynolds shear stress -

r r/P eu~
Velocity ratio U/U e
Turbulence d issipation

Finite element Interpolation function

Subsc rip ts

e Edge of boundary layer

Reference ups tream value

w evaluated at wall

— Fluctuating turbulent quantity

o Stagnation ; Incom pr ess ible flow

I “ T a l l ”  of  body
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